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d’Alembert’'s Formula
for Wave Equation



Recall: Transport Equation in R" x (0, co)

Consider the following inhomogeneous problem

ur+b.Du=fxeR" t>0
u(x,0) = g(x),z € R”

Then

t
u(x,t) = g(x — bt) —I—/fx—l— (s—t)b,s)ds,x e R",t >0
0

solves the IVP (1).




d’Alembert’'s Formulan = 1

Consider the following one-dimensional wave equation

Ugg — gy = 0 in R x (0,00)
u=f on Rx (t=0)
up =g on R x (t=0)

Let us try to find the solution of the wave equation in terms of f and g.
Let us rewrite the wave equation as follows:

9 L ON(2 L O —u—0
ot o) \or ~ Cop )t T Wt T tar =




d’Alembert’s Formula

Let

Then the wave equation can be written as
ve(x,t) + cvg(z,t) =0 in R x (0,00)

This is a simple transport equation. We know the solution to this problem,
which is given by
v(z,t) = a(x — ct)

where
v(z,0) = a(x)




d’Alembert’s Formula

Therefore, we have
ug(x,t) — cug(x,t) = a(z — ct) in R x (0,00)

This is once again the transport equation. Therefore,

¢
u(x,t) :f(:z:+ct)—i—/a(:z:—cs—c(s—t))ds,xER,tZ0
0

u(z,t) = f(x+ct) + | a(x —2cs + ct))ds,x € R, t >0

o _




d’Alembert’s Formula

Usey =z — 2cs + ct,thendy = —2cds, s =0 — y = x + ct,
s=1t = y=xz—ct

Now,

1 T+ct
u(z,t) = f(x +ct) + % / a(y)dy,z € R,t >0

r—ct

a(z) = v(x,0) = uy(x,0) — cuz(x,0) = g(x) — cf' ()

x+ct x+-ct x+-ct

:>2ic a(y)dyzéc / g(y)dy—% / f'(y)dy

r—ct x—ct r—ct
x+-ct

:_/ dy——fx+ct)+ f(a:—ct)

x—ct




d’Alembert’s Formula

x+ct

u(w,t) = 3fla+ o) + fla =) + 5 [ gy

r—ct

is called d’Alembert’s formula. This can be written as
u(x,t) = F(x +ct) + Gz — ct)

for appropriate F' and G. Conversely, any function of this form solves

uy — c*ug, = 0. Observe the beauty of this equation, the general solution of
the one-dimensional wave equation is a sum of the general solution of the
transport equations

ur+cu, =0 and wu; —cuy =0




Wave Equation: Separation Variables

Recollect the solution obtained from the Separation of Variables. (Of course,
this was on domain [0, L] x (0, 00))

u(z,t) = i [An cos (chTrt> + By, sin <ch7Tt)} sin (%x) (3)

n=1

Using sin(A + B) = sin A cos B £ cos Asin B and
cos(A £+ B) = cos A cos B F sin A sin B, we can rewrite this as

;i [A sm( :c—{—ct)) + A, sin (n%(:v—ct))]

n=

+;§: [B cos( (x — ct)) — B, cos (%(vact))]

n=1

[y



d’Alembert's Formula
Again, you can see that
u(z,t) = Fx+ct) + G(x — ct)
When ¢ = 1, g is an odd function and f is an even function, then

U(O, t) - f(t)

When ¢ = 1, g is an an even function and f is an odd function, then

u(0,t) = [ g(y)dy
/

When g = 0, you can observe that the initial displacement splits into two parts,
one moving to the right with speed ¢ and the other to the left with speed c.



d’Alembert’s Formula

Theorem 1
Assume f € C2%(R), g € C'(R), c = 1 and define u by d'Alembert’s. Then,
1. u € C?(R x [0,00))
2. upy — gy =0 in R x [0, 00)
3. i 1) = f(a
o u(z,t) = f(27)
t>0

4. i 1) = g(z°
i ) =
t>0

In (3) and (4) for each point z° € R
The proof follows immediately from the above discussion and is left as an
exercise.




Exercise

Exercise 1: CSIR-June-2019

Let u be the solution of (2) where ¢ = 1, f, g are in C%(R) and satisfy the
following conditions:
(M f(z) =g(x)=0forz <0 (2)0< f(z)<1lforz>0

() g(x)>0forz >0 (4) /g(a:)dm < oo

Then, which of the foIIowingostatements are true? Justify your answer
1. u(z,t) =0forallz <0andt >0
2. wis bounded on R x (0, 00)
3. u(z,t) = 0wheneverz +¢t <0
4. u(x,t) = 0for some (z,t) satisfyingz +¢ > 0




d’Alembert’s Formula in the half-line

Let us consider the following wave equation on the half-line R, . Note c = 1
here.

Ut — Uz = 0 iN Ry x (0, 00)

u=f on Ry x {t =0}

ug =g on Ry x {t =0}

u=20 on {z =0} x (0,00)

(4)

where f and g are given, with f(0) = ¢(0) = 0.



d’Alembert’s Formula in the half-line

Let us convert (4) by extending u, g, i to all R by odd reflection. That is, we set

i(a,t) = {“(x’f) (z>0,t>0)
—u(—z,t) (x<0,t>0)



d’Alembert’s Formula in the half-line

Then (4) becomes

@=f on Rx {t=0}

U — Uge = 00N RX(0,00)
=g on R x {t =0}

Hence, d’Alembert’s formula becomes

T+t

ie.t) = 5 Fw+ 0+ Fa - 0]+ 5 [ atw)dy

r—1




d’Alembert’s Formula in the half-line

The solution obtained from the reflection method for (4) becomes

x4t
S+t + @01+ [ g, if o220
u(z,t) = m—th (7)
Ut —se-a+y [ g fo<a<s
\ —x+t

1. If g =0, we can understand the formula (7) as saying that an initial
displacement f splits into two parts. One moving to the right with speed
one and another moving to the left with speed one

2. The latter reflects off the point 2z = 0, where the vibrating string is held
fixed.
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