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Spherical Means



Preliminaries

® B(x,r) =the closed ball with center x and radius » > 0
n/2

, T
® a(n) = Volume of unit ball B(0,1) in R = T [Proof]

® na(n) = Surface area of unit Sphere B(0,1) in R”

° ][ fdy = ! / fdy = average of f over the ball B(x, )
a(n)rm
B(x,r) B(x,r)
° ][ fds = % / fdS =avg of f over the sphere 0B(x, )
na(n)rr—1

dB(x,r) OB(x,r)



https://scholar.rose-hulman.edu/cgi/viewcontent.cgi?article=1064&context=rhumj

Preliminaries

Definition 1

Let Q c R™ be open and bounded. We say 99 is C* if for each x° € 9Q there
exist r > 0 and a C* function v : R*~! — R such that upon relabeling and
reorienting the coordinate axes if necessary we have

INNBEY, ) ={x e Bx"r):z, >(x1, 22, ,Tn_1)}

... .0 — .
The normal derivative is 8—“ = v.Du, where v € C'(Q2), 9Q is C'! and
1%
v=(v',v% ... v")is aunit normal vector pointing outward.




Preliminaries

Theorem 1 (Gauss-Green Theorem)

Suppose u € C1(Q2). Then
/uzid:v:/uuidS

Q o0

wherei=1,2,--- ,n.
By the divergence theorem,

/didex:/ F-vdS.
Q o0




Preliminaries

Define a vector field I : Q — R” by

i-th component

thatis,
Pia) = {7 I =0
0, JF#i
Since u € C''(€2), the components of F are continuously differentiable. The
divergence of F'is

OFI  QF"
div ' = Z oz, ~ o, = Uy,




On the left-hand side, we have

/diVFda::/ugci dx,
Q Q

and on the right-hand side,

/F-I/dS:/ ZFjl/de: FivtdS = ur'dS.
o0 it et o0

o0
/uwidx :/ uv'ds.
Q B19)

Hence,
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