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Inhomogeneous
Problem



Inhomogeneous Problem

Now let us consider the following inhomogeneous problem

uy —Au =h in R x (0,00)
u=0 on R" x {t =0}
ug =0 on R™ x {t =0}

How do we solve this?




Transport Equation in R"” x (0, c0)
Consider the following inhomogeneous problem

ur+b.Du=fxeR" t>0
u(x,0) = g(x),z € R"

Using the same z(s), we obtain
t
u(x,t) = g(x — bt) +/ f(x+(s—t)b,s)ds,z € R",t >0
0

solves the IVP (2).




d’Alembert’'s Formulan = 1

Consider the following one-dimensional wave equation

Ugg — gy = 0 in R x (0,00)
u=f on Rx (t=0)
ug=nh on Rx (t=0)

¢
u(z,t) = f(x+ct) + /a(a: —2cs+ct))ds,x € R,t >0
0




Duhamel’s principle

Let us see more details of Duhamel’s principle obtained while solving Heat
equation from Fundamental solution. For the moment, let us assume that we
define a new function. Let u = u(x, t; s) be the solution

u(y;8) — Au(;s) =0 in R™ x (s,00)
u(,:s) =0 on R™ x {t = s} 4)
ur(.;s) = h(.,s) on R" x {t = s}

Now, set
t

u(x,t) := /u(x,t; s)ds (x € R",t>0) (5
0
Then Duhamel’s principle guarantees that u(z, t) is a solution of (1)



Solution of inhomogeneous wave equation

Theorem 1
Assumen >2,m = |3],h € C™HH(R" x [0, 00)) and define u by (5). Then
1. u € C?(R"™ x [0,00))
2. Ut — Au=~h in R® x [0,00)
3 lim  w(x,t) =0
(x,t)— (x°,0)
xER™,£>0
4. 1 ) =0
a0y 1Y
xeR™ t>0
In (3) and (4) for each point x” € R




Solution of inhomogeneous wave equation

Proof: If nis odd, then m + 1 = "T“ and as per the theorem from Kirchhoff’s
formula lecture, we have u(., .; s) € C?(R" x [0, 00)) for each s > 0. Therefore,
u e C*R" x [0,00)). If nis even,m + 1 = 22 Hence u € C*(R" x [0, 00)) by
theorem 2. Now, by Leibniz rule,

t ¢
up(x,t) = u(x,t;t) + /ut(x,t; s)ds = /ut(x,t; s)ds
0 0

t

t
ug (X, 1) = ug(x, t;t) + /utt(x,t; s)ds = h(x,t) + /utt(x,t; s)ds
0 0



Solution of inhomogeneous wave equation

Proof (continued): Also,

t ¢
Au(x,t) = /Au(x,t; s)ds = /utt(x, t;s)ds = uy — h(x,t)
0 0
= upu(x,t) — Au(x,t) = h(x,t), (ze€R"t>0)

Also, u(x,0) = us(x,0) = 0. Hence the theorem.
The solution of the inhomogeneous problem is the sum of d’Alembert’s
formula or Kirchhoff’s formula or Poisson’s formula and (5).




Solution of inhomogeneous wave equation

u=0on Rx {t=0}

uy — Au=h in R x (0,00)
us =0 on R x {t =0}

Then by d’Alembert’s formula

1 T+t+s 1 t xt+i+s
wetis) =3 [ sy, o) =5 [ [ i s)ayas
z—t+s 0 z—t+s
1 t x+s
u(zx,t) = 2/ h(y,t — s)dyds
0

r—

v




Solution of inhomogeneous wave equation

u=0 on R3x {t =0}

ugg — Au = h in R3 x (0,00)
u; =0 on R3 x {t = 0}

By Kirchhoff’s formula

u(x,t;8) = (t — s) ][ h(y,s)dS

OB(x,t—s)

u(z,t) = /t (ts)( ][ h(y,s)dS) ds
0 9 )

B(x,t—s




Solution of inhomogeneous wave equation

47 t—s
OB(x,t—s)
1 t h
t
= u(z,t) = / (v, 7q)de
47 T
0 9B(x,r)
1 v —
e uwt) = = Myt —ly X!)dy
47 ly — x|




Exercises

Exercise 1: Compact Support

Let u solve

ug — Au =0 in R3 x (0,00)
u=f on R3 x {t =0}
uy =g on R x {t =0}

where g, h are smooth and have compact support. Show there exists
constants C' such that

lu(z,t)] < (z € R%,t > 0)

¢
t




Energy Methods
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Solution of inhomogeneous wave equation

Let 2 C R™ be a bounded, open set with a smooth boundary 02 and set

Qr =Q x (0,T],T'r = Qr — Qr where T > 0. Let us consider the following

IVP/BVP
utt—Au:h in QT
u=f on I'p (8) ‘
ug =g on Qx {t =0}

Theorem 2 (Uniqueness for Wave Equation) 4
There exists at most one function u € C%(Qr) solving (8).
Proof: Suppose u; and u, are two solution such that uy, us € C%(Qr). Define ’

w = Ul — ug.
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Solution of inhomogeneous wave equation

Proof (continued): Then

w=0 on I'yr

wy — Aw = h in Qr
wg =0 on Q x {t =0}

Now, define the energy as

B(t) = %/wf(x,t) +|Dw(x, t)2dx, (0<t<T)

dE
Fr /wtwtt + Dw.Dwidx = /wt(wtt — Aw)dx =0
Q Q




Solution of inhomogeneous wave equation

Proof (continued): There is no boundary term since w = 0 and hence w; = 0
on 90 x [0,T]. Thus forall0 < ¢ < T, E(t) = E(0) = 0. Therefore,
wy =0, Dw = 0. Sincew =00nQ x {t =0}, u; = uzin Q.

(xo, to)

B(xo, to — t)




Solution of inhomogeneous wave equation

Suppose u € C? solves
Utt —Au=0in R"x (0,00)
Let o € R™, tg > 0, and consider the cone

CZ{(%‘,If)IOStSto,‘X—XQ‘Sto—t}

Theorem 3 (Finite Propagation Speed) "
If w = u; = 0 on B(xo, 1), then « = 0 within the cone C. A

Proof: Define the energy as

1
B(t) = 5 /uf(x,t) +|Du(x, t)2dx, (0 <t < to)
Q
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Solution of inhomogeneous wave equation

Proof (continued):

dE
o= / wptyy + Du.Dugdx — / utz + |Du|2dS
B(Xo,to—t) 8B(X0,t0—t)
ou
= — Au)d —uyd,
/ ut(utt U) X + / 8I/ut S
B(xo,to—t) OB(x0,t0—t)
— / u? 4 |Du|*dS
OB (x0,t0—t)

ou
= / (%ut —u? — |Du|2) as

aB(X() ,to —t)




Solution of inhomogeneous wave equation

Proof (continued): Now, by Cauchy-Schwarz and Cauchy inequalities.

1 1
< ul|Dul < Su? + 2| Duf

Ju
ov b

Now, 4Z < 0 and so, E(t) < E(0) = 0forall 0 < ¢ < t,. Thus u; = 0, Du=0 )
and hence u = 0 within the cone C.
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