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Recap

Au=0 in QCR"

Definition 1 (Fundamental Solution)
The function )
q)(x) o {_ﬂ IOg |X| (n = 2) (2)

1
A Dam=z (72 3)
defined for x € R", x # 0 is the fundamental solution of Laplace equation.

Theorem 1
Define u by

;_71 /log(|x —yDf(y)dy (n=2)

ulx) = T fy)

e =Zel@) ) b=l

®)
dy (n=>3)

Thenu € C*(R") and —Au = f in R"




Mean-value Formulas

Theorem 2
u € C*(Q) is harmonic, if and only if,
u(x) = ][ udS = ][ udy VB(x,r) CQ (4)
dB(x,r) B(x,r)

Theorem 3
Suppose u € C?(2) N C(Q) is harmonic within Q. If Q is connected and there exists a point
zo € Q2 such that u(zo) = maxg u then u is constant within Q. Further maxg v = maxso u

Theorem 4 (Smoothness)
If w € C(Q) satisfies the mean value property for each ball B(x, r), then u € C> ()
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Liouville’s Theorem

Theorem 5 (Liouville’s Theorem)

If u : R” — R is harmonic and bounded. Then u is constant.
Proof: Fix zg € R™,r > 0.
Claim 1:

C
| Du(o)| < m”uHLl(B(xo,r))
Claim 2:

C Ca(n)
WHUHL%B(XO,T)) <

]| oo ()

If claims (1) and (2) are true, then, as r — oo, Du(xg) — 0. Hence Du = 0 and
hence u is constant.



Liouville’s Theorem

Claim 1: o
|Du(zo)| < WHUHU(B(XO,T))

Proof of Claim 1: We can immediately show that
C
[ulzo)l = iz (Bexo.r)

How? By the Mean value property

u(x) = ][ udy:a(;)rn/udy VB(x,r) C O

B(x,r)

ju(x / uldy = — -l 0y




Liouville’s Theorem

Since u is harmonic, differentiating the Laplace equation, we can prove that
uy, is also harmonic. Again, by the mean-value property,

u(x) = ][ udy VB(x,r) C

B(x,r)

In particular, it is true for B(xo, %)

1 .
iz, (%0)| f g | = | / wids
(xo,%) aB(xo,%)

2n
7||U||Loo(aB(xo,§))

IN




Liouville’s Theorem

Since v is outward unit normal, [*| < 1. Hence

1 i o ullyi
a3 / WS S @ / ful ]S

dB(x0,%) dB(x0,%)

[ull Lo @B (x0,%))

= T amE)r / 15

0B(x0,35)

2n
7HU\|L<>O(aB(x0,g))

IN




Liouville’s Theorem

xeaB<x0,2> = xeB(x,g> — x € B(xg,r) C Q

Visualization in 2D

— Blxo,1)
2+ === 3B(xo,r/2)
----- B(x,r/2)
2 et el PSP T
0 -




Liouville’s Theorem

C 2\" 1
[ulzo)l = By = Tl < | - mllulm(g(xo,m
Therefore,

|Du(xo)| < - —— |ull L1 (B(xo,r))

a(n)

Hence, the claim 1.




Liouville’s Theorem

Exercise 1: Exercises

1. Prove that

Mk \* 1
Tn

r

(o)l < (

a(n) HUHLl(B(xo,’r‘))

for k = || and for each ball B (xq,7) C Q2
Hint: Use

k—1
X € ﬁB(xo,g) — x€B (x, kr) C B(xqp,7) C Q

2. Prove Claim 2.
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Representation Formula

Theorem 6 (Representation Formula)
If h € C2(R™),n > 3, then any bounded solution of

—Au=nhin R"

has the form
u(x) = /Cb(x —y)h(y)dy + C (x € R")
Rn
for some constant C.

Proof: From the construction of ®(x), it is immediate that ®(x) — 0 as
|x| — oo forn > 3.




Representation Formula

Proof (continued):

ux) = [ @(x—y)h(y)dy
Rn
is a bounded solution of —Awu = h in R™. Suppose u; is another solution, then
w = w1 — u is constant as per Liouville’s theorem. Hence proved.

Remark
Ifn=2,

—1
B(x) = 5 log|x

is unbounded as |x| — oo and hence

mav be 1inbotinded
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Analyticity

Theorem 7 (Analyticity)
Assume u is harmonic in Q. Then « is analytic in €.

Proof: Fix any point x( € Q.

Claim: « can be represented by a convergent powers series in some
neighbourhood of xj.

Letr := 1dist(xg,09). Then M := WH“HU(B(XO,?T)) < 00

Now, B(x,r) C B(xo,2r) C Q foreach z € B(xo,r).

From the exercise problem, we have that

. otk \* 1
Do)l < (2 sy




Analyticity

Visualization of B(x, r) € B(xq, 2r) < Q

— B(xo,1)

=== B(xo,2r)

- Sel B(x, r)
N

-2 -1 0 1 2

Figure 2: 2D lllustration




Analyticity
Proof (continued):

2n+1 k k 2n+1 lov]
]Do‘u(xo)]§< n ) MSM( r“) L

r

Stirling’s Formula:

kkk+1/2 1
li - = —
i’ K Von
— lim el jafiel/2 _ ! — ¢l ‘a—|\a|+1/2 <4
|| =00 |a|! \ 27 |cv|! o

— |a|l®12 < Crela)l = |all® < Celjalt

for some constant C.




Analyticity
Proof (continued): Also

k al!
nF=1+1+14-41)= ) Joft

!
(6%
la]=k

n times

— ol <nl¥al = |a|l® < C(ne)|al!

Hence

nt+1,,\ ol on+1,2 |ex]
W%@MSM(Q?ﬁ mwch(—7lg o
T

| D%u(xo)|

on+1p2, |ex]
al >

r

<o (




Analyticity
Proof (continued): The Taylor series at for u at z is given by

Z Dau(XO) (X B Xo)a

al

|

To prove that the Taylor series converges, we need to prove that the remainder
term |Ry|converges to 0 as N — oo for some interval of convergence.

5o P e
la

Now,
N—-1
Ry (x) = u(x) —
k=0 |«

D%u(xg)

ol xTx)



Analyticity

Proof (continued):

D%u(xo + t(x — x0))
al

— Ry(x)= »_

la|=N

(x —x0)* (How??)

for some t(x) € [0, 1]

a _
— InGo| < 3 1Pty e
la|l=N ’

ont1,2,\ v N
— < CM —
Ry (x)] < | §|_N < " ) |x — xo




Analyticity

Proof (continued):

ont1,2,\ v N
= |Rn(x ]<C’MZ < ) |x — %o
laj=N

Then

anel g, (2l o ( T >N| <1
- — ) |x—x
an r oantlp2e 0

r

= ool < g

For, convergence, this is fine, but we need | Ry (x)| — 0. So, choose

r

=0l < Grrmme




Analyticity

Proof (continued): Then

ont1,2,\ N N
vl o 3 (2

Hence the proof.
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Harnack'’s Inequality

Theorem 8 (Harnack’s Inequality)
For each connected open set ; ccC €, there exists a positive constant C
depending on Q; such that

supu < C'infu

N 931

for all nonnegative harmonic function w in Q.

Proof:
Letr := 1dist(,09). Choose x,y € Q; such that |x — y| < r. Then




Harnack'’s Inequality

Proof (Continued):
— Sru(y) < u(x)

if x,y € Q; and |x — y| < r. On the other hand,

1 1
= = dz < 2" dz. = 2" d
u(x) ][ udz ()2 / udz < T / udz ][ udz

B(x,2r) B(x,2r) B(y,r) B(y,r)

= u(x) < 2"u(y)

if x,y € Q; and |x —y| < r. Hence
= -u(y) < u(x) < 2"u(y)

ifx,yeQand|x —y| <r.



Harnack'’s Inequality

Proof (Continued): It is given that ©; is connected and 2; cc . Since Q, is
compact, we can cover Q; by a chain of finitely many balls {Bl-}fil each of
which has radius rand B, N B;_1 # ¢ fori =2,3,--- | N. Hence

— yuly) < u()

for all x,y € Q. Applying infimum and supremum definition, the proof
follows.




Harnack'’s Inequality

Remarks
1. We have that
= —u(y) < u(x) < 2"u(y)

2. In particular

— éu(y) < u(x) < Culy) forall x,y € Q

3. The value of nonnegative harmonic function within ©; are all comparable.

4. The value of u can’t be very small or very large at any point of Q; unless u
is very small or very large everywhere in ;.




Thanks

Doubts and Suggestions
panch.m@iittp.ac.in

TIRUPATI

29



