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Poisson's Kernel
Formula



Green's Function for a Half-space

Now, let us build the Green’s function for the half-space R’} and later for the
unit ball B(0,1). This depends on our corrector function in this region by
clever geometric reflection tricks. Consider the half-space

R} = {x= (1,22, - ,Tp_1,2n) ER" 1 2, > 0}

Definition 1 (Reflection in the Plane)
If x = (x1,22,- ,2n—1,%,) € RY, then its reflection in the plane OR"} is the
point x = (21,29, -+ ,Tp_1, —Tp)

Let us solve

{—Ay¢xzo y €R? M

P*(y) = ®(y —x) y € IR}



Green's Function for a Half-space

Set
*(y) =@y —%x) = ®(y1 — 71,92 — T2, Yn—1 — Tn—1,Yn + Tn)
Observe that if y € OR} then

P*(y) = ®(y — x)

Definition 2 (Green's Functions for the Half-Space)
The Green's function for the half-space R’} is given by

Gxy)=0(y—-x)-2(y-%) x,ycR},x#y 2




Green's Function for a Half-space

Case n > 3: We have

1

o 2—n — _
O(r) = nln = Da(n) lr|“~", wherer =y —x.
Then
8 1 1—n8‘y - X‘
s —x) = 9 _
oY ) T 2t OV X gy,
1 —nYn — Tn
= 2 —n)y —x|'"
ey oo L A M e
1 Yn — Tn




Green's Function for a Half-space

Similarly,
0 - 1 yp+a,
= Py —%)=— Jnton
oy T X = ) by — &
where x = (z1,...,2p-1, —Tp).
Hence,
aﬁ(x )_aq>(y_x)_aq)(y_)~()__ 1 yn_$n_yn+xn
ayn Y Oy yn na(n) |y —x* |y —x"]

Case n = 2: We have

1
®(r) = ——log|r|, wherer=y —x.
27




Green's Function for a Half-space

Then
0 3 1 1 OJly—x|

B _%|y_x| OYn
1 L yn—ay

“2rly—x| y—x]

_ _i Yn — Tn
2m |y — x[*
Since «(2) = m, we can write this as
—d(y —x)=—
0" 7 T Ty y

forn = 2.




Green's Function for a Half-space

Similarly,

a - 1 yn + wn
7(1) — = -
A Al v

and therefore

Yn + Tn

7(Xay) = 5 ~
Oyn 2 [y —x[? |y —x?

a(n) |ly —x|"

oG 1 [yn—ap yn—i—xn]:_ 1 [yn—xn_
n

ly —x|"

|




Green's Function for a Half-space

Therefore, we obtain that
0G 00(y —x) 0Py —x)
OYn, (.y) OYn OYn

-1 Z/n_xn_yn"i_xn
na(n) [ly —x[* |y —x[?

If y € OR%, then

% ey = 0 ey =
8U 7y - 8yn ?y -

If u solves the boundary value problem

—Au=0 yecR}
u=f y € OR"

na(n) [x —y|"




Green's Function for a Half-space

Then the representation formula

u(z) = / G(x,y)dy — /f xde
N 2% /IX yl”

(5) is called Poisson’s formula, and the function

2z, f(y)
no(n) [x —y[*

is called Poisson’s Kernel for R’

becomes

K(ﬂ?,y) =

x € R,y € ORY}

y)




Poisson's formula Half-space

Theorem 1 (Poisson’'s formula Half-space)
Assume f € C(R" 1) N L*>°(R"~!) and defined u by

2y f(y)
u(z) = ds 7
@) = mats | Enas(y) )
R
Then
1. uwe C®(RY)NL>®(RY)
2. Au=0inR%}
3. lim wu(x) = f(x°)
x—x0
x€RY

for each point x° € OR".
Proof: Exercise




Green’'s Function for a
ball
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Green's Function for a ball

Definition 3 (Point Dual)
If x € R™\ {0}, then

X

[x2
is called the point dual to x w.r.to 9B(0,1). The mapping x — x is inversion
through the unit sphere 9B(0, 1).

Fix z € BY(0,1). We need to find a corrector function to satisfy

X =

{—Ay¢x =0 y € B9(0,1)
P*(y) =@y —x) y€0B(0,1)

The corrector function is defined by

*(y) == 2(jx[(y — %))




Green's Function for the unit ball

Therefore, we obtain that

Definition 4 (Green's Functions for the unit ball)
The Green'’s function for the unit ball is given by

G(x,y) =@y —x) - ®(|x[(y = %)) x,y € B(0,1),x#y

0G _0®(y —x)  0®(y —x)
yi (e, y) = 0yi i
1 |:xi_yi yilx|? —
na(n) [ly —x[* [y —a

ify € 9B(0,1). Then

oG " 0G 11— |x?
&/(X7Y)_;yzayz(an)__

na(n) x —y["

(9)




Green's Function for the unit ball

Proof for:
%(X y) = 1 zi—yi | yilx]? -
dyi na(n) [ly —x|* |y —x[
1
_?10g|r|’ 77’22) x
or)=4 X =0,
|r|2—n n >3 |X|
n(n —2)a(n) ' '
and

G(x,y) =®(y —x) - ¥(|x|(y — %)), x,ye€B(0,1), x#y.

We compute the partial derivative w.r.t y;. First setr = y — x and
s = |x[(y — ).




Green's Function for the unit ball

By the chain rule,

3?%@(}’ —x) = (Vew),, aziq)(IX!(y ~%)) = (Vo(s)) - 88;1

Using the well-known gradient of the fundamental solution (valid for both
cases),

Vo(z) = — —, (with «(2) = 7),

we get

0 1 P — X
P(y —x) = — Y

na(n) [y —x|"




Green's Function for the unit ball

5}
For the second term note s = |x|(y — x), hence 8; = |x|e;. Thus

i

-8y~ %) = (Va(s)), (x]5;) = xI(V2(s)),

B L osiy_ 1 |x|(yi —
= '( <>|s|n>‘~ nam) Ml ly = )"

1
S P L
na(n) ly —x]




Green's Function for the unit ball

Subtracting the two contributions,

oG Iy —ay 1 9—n Yi — Ti
—xy)=-—— U x| -
Iy na(n) [y — x[" na(n) ly — x|
1 2—n Yi — Z; :|
= _.I_ n
) [
Finally substitute z; = % Then
X
2— S\ w2 Ti \ yi|X\2 —
=20 = P (= ) =

Therefore, the formula becomes

G e y)= L [ m=u yilx[* — z;
Ay; )= na(n)




2 212 |2 X X 2( 2 _ oYX |x|2)
x —-x|*=|x ——, Yy —5 )= -2 + —
21y = & = xf (¥ = 2 v = ) = I (P = 20

On the other hand,
ly—xP =y -2y -x+[x?=1-2y -x+|x]* = x|y - x|°,

= |y =x[=x[ly =x[. = |y =x[" = [x[" |y = x[*,

oG 1 Ti — Yi vilx|? — x;

— X’ —
5 V) = ) |y =x T Iy =«




Poisson’s formula for the unit ball

If u solves the boundary value problem

~Au=0 ye B%0,1)
u=f y € 0B(0,1)

Then the representation formula
u() = / G(x.y)dy - /f % (x)dS(y)

becomes

u(a:) _ 1- |X‘2 / f(y) dS(y)

no(n) x —y["
8B(0,1)

(12) is called Poisson’s formula for the unit ball




Poisson’s formula the unit ball

If we define » > 0 and u solves the boundary value problem

—~Au=0 ye B%o0,r)
u=f y € 0B(0,r)

r2 _ |x|2
ul(z) = x| /‘ fW)dﬂw

no(n) x —y["
8B(0,r)

(14) is called Poisson’s formula for the ball B(0,r) and the function

r’—x’ f(y)
na(n) [x—y["

K(z,y) = XGBO(O,T),yEBB(O,r)

is called Poisson’s Kernel for the ball B(0, r)




Poisson’s formula for the ball B(0, r)

Theorem 2 (Poisson’s formula Half-space)
Assume f € C(0B(0,r)) and defined u by

2 2
uw) ==L [ Y ) (16)

na(n) Ix —y|"
8B(0,r)

Then

1. u € C®(BY%0,r))

2. Au=0in B%0,r)

3. lim wu(x)= f(x°)

x—x0
x€BY(0,r)
for each point x" € 9B(0, 7).
Proof: Exercise




Energy Methods
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Uniqueness

So far, we have discussed the solution of the Laplace equations using
fundamental solutions and Green'’s functions. Now, we show some energy
methods in the L2 norm. Consider the following boundary value problem

{—Au:h in Q )

u=f on 012

We have already proved the uniqueness of this boundary value problem in our
previous lectures with the maximum and minimum principles. Now, let us
provide an alternative proof.

Theorem 3 (Uniqueness)
There exist at most one solution u € C?(Q) of (17)



Uniqueness

Proof: Let u; and us be two solutions of (17). Define w = u; — us. Then

Aw = 0 € {2 Hence
0= /wAwdx:/|Dw]2dx
Q

Q

Hence Dw = 0 in Q. Therefore, w is constant in 2. However, w = 0 on 9f).
Therefore, w = 0 in Q2 and hence the result.




Dirichlet’s Principle

Definition 5 (Admissible Set)
A set is said to be an admissible set if

A={weC*Q):w=f on 0Q} (18)

Definition 6 (Energy Functional)
Define the energy functional as

] = ! (5100 - wn) dx (19)

where w € A.




Dirichlet’s Principle

Theorem 4 (Dirichlet’s Principle)
Assume u € C?(Q) solve (17). Then

Iu] = min T[] (20)

Conversely, if u € A satisfies (20), then u solves the boundary value problem
(17).
Proof: Choose w € A. Then (17) implies

0= /(—Au —h)(u—w)dx = /(—Au)(u —w)dx — /h(u —w)dx
Q Q Q
By integration by parts, we get
0= /Du.D(u —w)dx — / ?(u —w)dx — /h(u —w)dx
Q

v
o0 Q




Dirichlet’s Principle
Proof (continued): Since u = f on 9Q and w € A, u — w = 0 on d. Hence

Oz/DwDWwa/thMx
Q

Q

O—/Du.Dudx—/Du.Dwdx—/hudx+/hwdx
Q Q Q Q

:>/WW@—/M&:/DMM&—/WM
Q Q Q Q

Now, by Cauchy-Schwarz and Cauchy inequalities, we have

1 1
|Du.Dw| < |Dul|Dw| < ilDu\Q + §|Dw|2



Dirichlet’s Principle

Proof (continued):

1 1
= /|Du]2dx—/hudx§ 2/|Du|2dx+2/|Dw\2dx—/hudx
Q Q Q Q Q

1 1
— 2/|Du]2dx—/hudxg 2/\Dw\2dx—/hudx
Q Q

Q Q
= Iu] <Iw], weA

u€ A = I[u] = min I'[w]
weA




Dirichlet’s Principle

Proof (continued): Conversely suppose, u € A satisfies

Iu] = gléil\[[’lu]

Claim: u solves the boundary value problem (17).
Fix any v € C2°(Q2) and define

i(r) :==Iu+71v], TeR
Since u + 7v € A for each 7, i(.) has a minimum at zero. That is, if i’ exists,
then #/(0) = 0. Then
1
i(r) = 5 / |Du 4 7Dv|*dx — /h(u + Tv)dx
Q 0

Q Q Q

1 2
= 2/\Du]de—i—/TDv.Dvdx—i—/Tz\Dv\de—/h(u—i—TU)dx
Q



Dirichlet’s Principle
Proof (continued): Now,

i'(7) :/Dv.DvdX-f—/ﬂDv[de—/hvdx
Q

Q Q
= /(—Au— h)vdx—l—/ﬂDv\de
Q Q
i'(0)=0 = 0= /(—Au — h)vdx
Q

Since this is true for all each function v € C2°(Q2), and by denseness of
C(92), we have —Au = hin Q




Dirichlet’s Principle

Remarks

e |fu € A, the PDE —Au = his equivalent to the statement that u
minimized the energy I[.]

® Dirichlet’s principle is an instance of the calculus of variations applied to
the Laplace equation.




