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Heat Equation:
Inhomogeneous IVP



Inhomogeneous Problem

Consider the following IVP

up—Au=nh in R" x (0,00)
u=0 in R™ x {t =0}

Question

How can we produce a formula for the solution?
From the fundamental solution, we can observe that ®(x — y,t — s) is a
solution of the heat equation for x € R",0 < s < t.




Inhomogeneous Problem
For fixed s, the function

u=ulxtis) = [ x—yit - Ihly.s)dy 2)

R?’L

solves
ut(.;8) — Au(;s) =0 in R™ x (s, 00)
u(.;8) =h(.,s) in R" x {t = s}

It is the same as IVP with starting time ¢t = s and f = h(., s). Therefore, u(.; s)
is definitely not a solution of (1).

Question
Can we construct a solution for (1) using (3)?



Inhomogeneous Problem

Answer: Yes. Duhamel’s principle. We have already seen this for the Wave
equation. Define

u(x,t) = /u(x,t; s)ds
0

That is,

u(x,t) = /u x,t; 8)ds = // x —y,t —s)h(y,s)dyds

0 R»

t
Ix—y[2
/ It /2/6 Alt=s) S> h(y,s)dyds
(t —s))"
0

R




Heat Equation Solution nonhomogeneous IVP

So,

t
1 _x=y?
t) = T /9 4(t—s) h dvd
ueet /(47r(t_3))n/2/6 (v, s)dyds
0

R"

Theorem 1
Assume h € C?(R" x [0,00)) and h has a compact support. Define u by (7).
Then
1. u € C2(R™ x (0,00))
2. u(x,t) — Au(x,t) = h(x,t) in R™ x (0, 00)
3. lim  wu(x,t) =0
(%,)—(x°,0)
xER™,t>0
In (3) for each point x° ¢ R”




Heat Equation Solution nonhomogeneous IVP

Proof of Part 1: The proof is similar to what we have done in the last theorem
and the work done in the Wave equation. Since ¢ has a singularity at (0, 0),
we can't find u; and Aw easily. So, change the variables to write it as

u(x,t) = //@(y,s)h(x—y,t—s)dyds
0 R»

As h € C?(R"™ x [0,00)), h has a compact support and ® is smooth near ¢ = s.

ut(x,t)—/t/ﬁ[)(y,s)ht(x—y,t—s)dyds

0 R»

+ /‘P(y,t)h(x— y,0)dy (8)
in



Heat Equation Solution nonhomogeneous IVP

Proof of Part 1 (continued): Similarly

t
Ug,z; (X, 1) = //@(y, S)hg,z;(x —y,t — s)dyds

0 Rn»

Hence uy, D2u,u, D,u € C(R™ x [0,00)). Hence (1) follows.




Heat Equation Solution nonhomogeneous IVP

Proof of Part 2 (continued): Now, let us claim that
ut(x,t) — Au(x, t) = h(x,t). From (8) and (9), we obtain that

up(x,t) — Au(x,t) = //Cb(y, s)hi(x —y,t — s)dyds
0 R»

—|—/<I>(y,t)h(x —y,0)dy

R
t
—//fl)(y,s)Ah(x—yjt—s)dyds

0 R




Heat Equation Solution nonhomogeneous IVP

Proof of Part 2 (continued):

uilx, 1) — Aulx, 1) = /t/cp(y, ) (gt - Am> h(x —y,t— s)dyds
L

0 Rn»

T
+/‘1>(y,t)h(x —y,0)dy
Rn

K

Therefore, L=1+K =1, +J. + K




Heat Equation Solution nonhomogeneous IVP

Proof of Part 2 (continued):

I= j/@(y,s) <88s - Ay> h(x —y,t — s)dyds

0 R»
I.
/ 0
+ //‘P(y?S) <88 - Ay> h(x —y,t — s)dyds
€ Rn»

Je




Heat Equation Solution nonhomogeneous IVP

Proof of Part 2 (continued): Claim: || < C

OjR[@(y,S> A e——

S/e/‘ﬁ(y,S)
0 R~

< (Il + | Dh]| ) / / B(y, s)dyds

0 R»

|L|:

dyds

(2 -8}y

< (HhtHL"O =+ ||D2h||Loo) /ds <eC
0




Heat Equation Solution nonhomogeneous IVP

Proof of Part 2 (continued): Claim: J. + K = [, ®(y,e)h(x —y,t — €)dy

t
J. = //@(y,s) <<§s - Ay> h(x —y,t—s)dyds
e Rn

0

//[(83 )q)y’ )] h(x —y,t— s)dyds

e R
K
+/<I>(y,6)h(x—y7t—é)dy—/q)(y,t)h(x—y,O)dy
R~ Rn

Hence the claim.



Heat Equation Solution nonhomogeneous IVP

Proof of Part 2 (continued): Claim:L = h(x,t). Since |I| < eC,

limI. =0

e—0

Since
Je + K = /(I)(yv E)h(X - yvt - 6)dy
Rn

. Y o _ 5
ll_r}(l) Je+ K 151[1) O(y,e)h(x —y,t —€)dy = h(x,t) [How?]
R

Hence the claim.




Heat Equation Solution nonhomogeneous IVP

Fix 6 > 0. By continuity of h at (x, t) there exists > 0 such that

|h(x —y,t —€) — h(x,t)] <& whenever |y| <n, 0 < e <.

Je + K — h(x,t) = D(y,e€) (h(x —y,t—¢€) — h(x, t)) dy

lyl<n
+ / D(y,e€) (h(x —y,t —e€) — h(x, t)) dy.
lyl=n

For 0 < € < 1, we have
[ eaix-yi--hxn)dy] <o [ ey <o
lyl<n lyl<n

Since h(-,t — €) vanishes outside the fixed compact set K, the integrand in the far part is
nonzero only when x —y € K, i.e.,,only fory € x — K. Hence

/| N D(y,e€) (h(x —y,t—¢€) — h(x, t)) dy = /\y\Zn D(y,e€) (h(x —y,t—¢€) — h(x, t)) dy.

yeEx—K




Heat Equation Solution nonhomogeneous IVP

Since K is fixed and h is continuous on the compact set K x [0, t], h is uniformly bounded
there; let M be such a bound. Therefore

‘/ P(y,e)(h(x —y,t —€) — h(x,t)) dy’ <2M/‘ 21 O(y,e)dy <2M D(y,e)dy.
ly1=n y

lyl=zn

/ P(y,e)dy = / (4m) "2V g use 7 = y /v/4]
lylZn |z|>n/\/€
which tends to 0 as € — 0 [How?]. Hence there exists ¢y > 0 such that for 0 < e < ¢,

2M D(y,e)dy < 0.

lyl=n
For 0 < € < min{7, €0} we have
|Je+ K — h(x,t)| < 6+ 6 = 26.

Since § > 0 was arbitrary, the claim follows.



Heat Equation Solution nonhomogeneous IVP

Proof of Part 3:

t

u(x,t)://@(y,s)h(x—y,t—s)dyds

0 Rn
t
lu(x,t)|| e = //q)(y, s)h(x —y,t — s)dyds
0 Rn [,
t t
< A, )= / / B(y, s)dyds < ||h(x, )] / ds
0 Rn 0

= t||h(x,t)||pe — 0 as t =0




Heat Equation Solution nonhomogeneous IVP

Now, by combining both results, we can obtain the solution to the following
IVP.

{ut—Au:h in R™ x (0, 00) (10)

u=f in R" x {t = 0}

From, above discussion, we can conclude that

u(x,t) :/@(x—y,t—s)f(y)dyds+//@(X—y,t—s)h(yjs)dyds (11)

R™ 0 R



Heat Equation: Mean
Value Property
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Parabolic Cylinder

Definition 1 (Parabolic Cylinder)
Let 2 C R™ be open and bounded and fix a time 7" > 0. The parabolic cylinder
is defined as

Qp = Q x (0,7 (12)

Definition 2 (Parabolic Boundary)
Let @ C R™ be open and bounded and fix atime 7' > 0. The parabolic boundary
is defined as

FT = QT \ QT (13)




Parabolic Cylinder

Remarks
® (O is the interior of Q x [0, 7.
® Opincludes thetop Q x {t =T}.
® Therefore, I' includes the bottom and vertical sides of Q x [0, 7).
® However, I'r does not include the top side of © x [0, 7.

Next, let us derive the mean-value property as we did for the Laplace
equation. However, it is not straightforward.
Introductory Remarks
® For fixed x the spheres dB(x, r) are level sets of the fundamental
solution ®(x — y) for Laplace’s equation.

® For fixed (z,t), there is a relation between the level sets of the
fundamental solution ®(x — y,¢ — s) and the heat equation.




Heat Ball

Definition 3 (Heat Ball)
For fixed x € R*, ¢t € R,r > 0, define

1
E(x,t;r) = {(y,s) eER"™M s <t,B(x—y,t—s5)> } (14)
TTL
Remarks
® F(x,t;r)is aregion in space-time, the boundary of which is a level set of
O(x —y,t— ).

® The point (x,t) is at the center of the top.

* We denote E(r) = E(0,0;7) = {<y, 5) € R™ i 5 < 0,8(y,—5) > 1}




Heat Ball

Define a function ¢ : E(r) — R by

P = SAE TS (—4ﬂs)+£+nlo r (15)
T8 4s &

Observe the following

y y? y? ~yP v
(ID)y = 5= = iy = = — =2y = (D)) = - =23 ity
i=1 i=1

2s 2s
(16)



Heat Ball

Prove the following:
wal ds =4
2 Yas=
E(1)
Proof: For x € R™ and ¢ > 0, we have

2
—Ix]

4t

d(x,t) = We

Therefore, fory € R™ and s < 0,

O(—y,—s)>1 <=




Heat Ball

Proof (continued):

1 Iy
-y,—S) > “— _  e'is >
Py, e 21 1n<(—471'5)n/2e4 >—0
lyl?
< (—n/2)In(—4rns) + 1 >0
S

— |y|® < 2nsln(—4ns)
This implies that
B(0,0;1) = {(y,5) € R"™ | s <0, ®(~y, —s) > 1}

1
= {(y,s) ERM™| — — <s5<0, [y < 2ns 1n(—47rs)}
78




Heat Ball

Proof (continued):Thus

0
2 2
// \y\ dyds = / / ‘272‘ dyds

E(0,0;1) - L |y|2<2ns In(—4ms)
0 2ns ln —47s) )
||
= / / / ea dS(y)drds
,ﬁ 0 0B(0,r)

0 2ns ln —47s)

2
:/ / / @r”fl dS(w)drds
s




Heat Ball

Proof (continued):Thus

2ns ln( 47rs

0
2 n+1
// ‘y‘ dyds:/ / / 7’82 S (w)drds
,41 0

E(0,0;1) 9B(0,1)
o Vet o S0
,rn
:/ / 2 drds / dsS(w)
L 0 aB(0,1)

2nsIn(—4ns)




Heat Ball

Proof (continued): By calculating this last integral, we get

‘Y|2 _ 277"/2 (2ns In(—4ms))(+2)/2
// dyds I'(3) / (n+2)s? ds

T 4nm

E(0,0;1)

0
- (2n)(n+2)/2 9n/2 / (sln(—47rs))(”+2)/2d
S

(n+2) I'(3%) 2

4m




Heat Ball

Proof (continued): By calculating this last integral, we get

/0 (sln(—47s))nt2)/2 e /0 (&) ln($))(n+2)/2 <_417T> dr  (z = —4ms)

2 72
e ’ 1 (=)
47
o e \(142)/2
(72) A
:/(_eZ)Q (—47T> (—e*)dz (2=—1Inx)
0 4m
1 —nz/2,(n4+2)/2 g
= ane e 2 2
0
1 ° (2w (n+2)/2 o
— (47?)”/2/6 <n) ndw (w=mnz/2)
0



Heat Ball

Proof (continued):

0
_ (n+2)/2 n/2+42 )
/ (sin(~4ms) D2 1 <2> / w2 g,
L 0
ar

s2 (4m)n/2 \ n

o
1
_ - /2+2—1
T ongn/29-n/2-2pn/2+42 /e fuw” dw
0
1 n
- ﬂ-n/22n/2—2nn/2+2r (2 - 5)




Heat Ball

Proof (continued): So,

2 (n+2)/2 9,_n/2
// \Y\ dyds _(2n) o 1 r(2+ﬁ)

(n + 2) F(%) 77”/22n/2*2nn/2+2 9
E(0,0;1)
e
= (n n 2) F(%) n/29n/2=2pn/2+2 2) 9 2

=4




Heat Ball

Exercise 1: Heat Ball

Prove the following

1. Oy, —s) = Tin on OE(r)

2. ¢ =00n0E(r)
3.
171/ !ylzd ds_// IYIZdde
E(r) E(1)

1 ly|? 2 Y
o //u(y,s)ﬁdyds: //u(ry,’r S)?dyds

E(r) E(1)




Mean Value Property for the Heat Equation

Theorem 2 (Mean Value Property for the Heat Equation)
Let u € C3(Qr) solve the heat equation. Then

u(x,t) // u(y, ) — y|2dyd3 (17)
T am ’

E(x,t;r)

foreach E(x, ;1) C Qrp.

Proof: Now, let us translate the space and time coordinates to x = 0 and
t = 0, and from the exercise

2 2
// u(y, s ‘ ‘dyds-// ry,rs‘ ‘dyds

E(r




Mean Value Property for the Heat Equation

Now,

& (rit) = // zn: {uyi(ry7r25)y|s|2+2rus(ry,r o ]dyds

E(1) =1

B
2
= Tn+1 //Zuyz y,s dyds+ //ZQus y,s ’ ’ ~—dyds

E(r)

By the definition of 1 and (16), we can write B as follows

1 " yl? n
B = s // ZQuSS‘dyds = // dug Z?Jﬂ/fyidyds
E(r) =1 Br) i=1




Mean Value Property for the Heat Equation

By integration by parts, we obtain that

1 - 1 "
B = ey [4% Z ?/ﬂﬁ] T // 4Z¢(us + yi(us)y, )dyds
i=1 By =1

OE(r)
1 1 -
=~ dnugspdyds — s 4 Z Y (ug )y, dyds
E(r) B(r) =1
1 1 "
=~ dnugpdyds — ) 4 Z Yt (uy, ) sdyds
E(r) B(r) =

1 1 n
- _7“"+1 // dnusipdyds + m // 4 Zl yﬂl)suyidyds
E(r) T

E(r)



Mean Value Property for the Heat Equation

Since ¢, = — Y5 — n
yl> n
= Tn+1 //4nuswdyds+ — //423/1% ( YRRy dyds
E(r)
y
= //4nuswdyds— // ZyzuyzL |2 dyds — //Zyzuyz . dyds

E(r)

1 n 9
— ¢’(r) =A+B= gy // dnugpdyds — // Zyiuyi?ndydg
E(r) E(r) =1



Mean Value Property for the Heat Equation

Since us = Au, we have

N | . 2n
@' (r;t) = sy // AnAupdyds — // Zyiuyi?dyds
E(r) E@r) =

Applying integration by parts again, we obtain that

1 “ = 2n
&'(r) = ) // 4nZuyi@Z)yidyds — // Zyiuyi?dyds
B B(r)




Mean Value Property for the Heat Equation

Therefore, ¢ is constant. Since

2
// u(y, s ‘ | dyds

2 2
gb()—hmgbrt—hm// Os’y’ dyds-uOOtO //|y’dds
—

¢(r) = 4u(0,0)

Hence, the proof follows as

1 2
u(0,0) = ey // u(y,s)‘zz‘dyds

E(r)
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Doubts and Suggestions
panch.m@iittp.ac.in
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