MAG612L-Partial Differential Equations

Lecture 34: Nonlinear PDE - General Integral and Charpit's Method

Panchatcharam Mariappan’

TAssociate Professor
Department of Mathematics and Statistics
IIT Tirupati, Tirupati

October 29, 2025

ey sirenfies weerr freufy

i

TIRUPATI




Nonlinear PDE-Recap



Complete Integrals
F(Du,u,x) =0

Definition 1 (Complete Integral)
A C? function u = u(x; a) is called a complete integral in Q x A provided

1. u(x;a) solves the PDE (1) for each a € A.
2. rank(Dyu, D2,u) =n (x € Q,a € A)

Definition 2 (Particular Integral)
If particular values are given to the parameters a € A, thenthe solution is called
a particular integral or particular solution of (1).




Envelopes

Definition 3 (Envelopes)
Let u = u(x;a) be a C! function of x € Q,a € A where 2, A C R" are open
sets. Consider the vector equation

Dau(x;a) =0 (x€Q,ac A) (2)
Suppose we can solve (2) for the parameter a as a C'! function of x.
a= ¢(x) @)

Then
Dyu(x;0(x)) =0 (x € Q) 4)

We then call
v(x) = u(x;9(x)) =0 (x € Q) (5)

the envelope of the function {u(.;a)}aca




Envelopes

Theorem 1 (Construction of New Solutions)

Suppose for each a € A as above u = u(.;a) solves (1). Assume further that
the envelope v defined by (5) and (4) above exists and is a C' function. Then
v solves (1) as well.

Proof: From (5), we have

V2, (%) = g, (%500(x +Zu% X, $(x)) 5, (%)
= Uy, (x;6(%))

The second term vanishes due to (4). Hence for each x € , we have

F(Du(x),v(x),x) = F(Du(x;6(x)), u(x;¢(x)), x) = 0




Envelopes: Geometric Interpretation

1. The geometric interpretation for envelope is that for each x € Q, the
graph of v is tangent to the graph of «(.;a) for a = ¢(x). Thus
Dv = Dyxu(.;a) at x for a = ¢(x).

2. The operation of elimination is equivalent to the selection of a
representative family from the system of families of surfaces and then
finding its envelope.

3. For example, in two dimensions, the above equations represent a curve
drawn on the surface of the family whose parameter is a, while the
equation obtained by eliminating a between them is the envelope of the
family.

4. Hence the envelope touches the surface represented by
F(a,b,z,z,y) = 0and b = ¢(a) along the curve represented by
F,(a,b,z,x,y) = 0. This curve is called the characteristic of the envelope.




Envelopes: Example

Examples 2
Consider the PDE
uw?(1+ |Du?) =1

A complete integral is
u(x,a) =+y/1—|x—al]? (x—a|]<1)

Now,
Dau = :l:x—_a = O
1—|x—al?
provided a = ¢(x)x. Thus, = u(z;a = ) = £1 = v = =+1 are singular
integrals of the given PDE.




Envelopes: Example

For,
1 X—a

(-2)(x—a) ==+

2\/1—|X—a|2_ 1—|x—al?

x — 2

Dyu =+

1+|Du’2:1+m—




Envelopes: General Integral

To generate still more solutions of (1) from a complete integral, let us vary the
above construction. Choose any A ¢ R"~! and any C' function h: A’ — R
such that the graph lies within A. Let us write

a—= (al,GQ,“‘ ;an) = (a’,an), a/ = (alaa2a"' 7an71) S Rn_l

Definition 4 (General Integral)
The general integral (depending on 1) is the envelope v' = v/(x) of the func-
tions

u'(x;a) = u(x;a’,h(a')) (x € Q,a’ € A)

provided this envelope exists in C*.



Envelopes

Examples 3
An alternative form for a complete integral of the eikonal equation is given as

follows forn = 2
|Du| =1

u(x;a) = xycosaj + rasina; +ay x,a € R? (6)

If we set h = 0 such that
u'(x;a1) = x1 cosay + Tosinay

represents the subfamily of planar solutions of | Du| = 1, whose graphs pass
through the point (0,0, 0) € R3, then the envelope is computed by solving

Dy, u'(x;01) = —x1sina; + zacosa; = 0




Envelopes

Hence,

u'(x;a1) = 1 cos <tan_1 <@>) + 29 sin (tan_l <@>> = +|x|
xr1 1

solves |Du| =1 forx # 0




General Integral: Remarks

Remarks
1. To compute envelope, we restrict only to parameters a of the form
a = (a’,h(2))
2. From a complete integral with » arbitrary constants, to construct a
general integral, we need an arbitrary function i of n — 1 variables.

Question
Suppose we find a solution of (1) depending on an arbitrary function A, does it
mean we have found all solutions of (1)?




General Integral: Remarks

Answer: No Suppose our PDE is of the following form
F(Du,u,x) = Fi(Du,u,x)Fy(Du,u,x) =0

Suppose u;(x; a) is a complete integral of F(Du, u,x) = 0 and we found a
general integral corresponding to any function 5, we have still missed to find
all solutions of the PDE Fy(Du,u,x) = 0.

Question

How do we find these solutions?
Remember Characteristic ODE. Let us have a look at a few more methods to
find the complete integral of a nonlinear PDE, namely Charpit’s method and
Jacobi’'s method.




Charpit's Method

If the PDE is of the following form in two variables,

F(z,y,2,p,9) =0 (7)

then the corresponding characteristic or Charpit’s auxiliary equation is given
by:
dx dy dz dp dq dG

-F, -F, -Fp-Fq F+Fp F,+Fq 0
How did we get (8)?

)




Charpit's Method

Our goal is to find a surface z = z(x, y) satisfying F(x,y,2,p,q) =0
dF = Fydx + Fydy + F.dz + Fpdp + Fydq = 0
Since dz = pdx + qdy, we have
dF = (Fp + pF.)dx + (Fy + qF.)dy + F.dz + Fpdp + Fydg =0

We want to find a system of ODEs that describes the characteristic curves
along which F'is constant. There are infinitely many possible sets that can
satisfy. Charpit’s choice was

x = Fpay/ = anp, = —(Fy +pF.),d = —(Fy +qF%)




Charpit's Method: Summary

Steps involved in Charpit’s method are as follows

Charpit's method: Steps

1.

ok wN

Convert given PDE to the form

g anmma) =0 3= 0,0 = 2 = 00 = 2y = Uy

Write Charpit’s auxiliary equations (8)

Compute F,, F,, F., F,,, F, and substitute in (8)

Solve the Characteristic ODEs to solve for p and ¢

Substitute p and ¢ in the following equation to obtain the complete

integral.
dz = pdx + qdy

(9)




Charpit's Method

Examples 4
Find a complete integral of the PDE 3p? = ¢ using Charpit's method.

F(z,y,2,p,9) =3p* —q¢=0

The auxiliary equations are

dr  dy dz _ dp B dq B E
—F, —Fy —Fyp—Fyq F,+F,p F,+Fq 0
de  dy dz _dp_@_ﬁ

—6p 1 —6p2+q 0 O 0
dp=0 = p=a = ¢ =3a>

dz = adx + 3a’dy = z=ax +3a’y+b




Charpit's Method

Examples 5
Find a complete integral of the PDE p? — 42q = 3> — 22 using Charpit's method.

F(x7yvzvp7Q):p2_y2q_y2+x2:0

- dx dy dz dp dq dG
Auxiliary): = = = = il
( Y) _Fp _Fq _Fpp_qu Fx+sz Fy+qu 0

dr @ B dz dp dq dG

—2p  y? 202 +y%q 2@ —2yq—2y O
2

a
z — q:—2—1
Y

pdp+adr =0 = p*+2%°=a

1 a? T a? z 2
— — 2 424 gin i (2o —




Nonlinear PDE-Jacobi'’s
Method
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Jacobi's Method

® This method is used for solving nonlinear PDEs of order one involving
three or more independent variables.

® The basic idea is almost the same as Charpit’s method

® | et us have a look at the development of this procedure for three
independent variables, which can be generalized for n variables also

Consider the following first-order nonlinear PDEs of the form

F($171’2>1’37p17p2:p3) =0 (10)

Here p; = u,,,i = 1,2, 3. Note that here « does not appear.



Jacobi's Method

NNNNN

The fundamental idea of Jacobi’'s method is to introduce two first-order PDES
involving two arbitrary constants a and b in the following form

Gl($1,$2,$3,p1,p2,p3,a) =0 (11)
GQ($1,$2,$3,p1,p2,p3,b) =0 (12)
Further, G; and G5 must satisfy the following

I(F,G1,G2)

d(p1,p2,p3) 70 (13)

Equations (10), (11) and (12) can be solved for p;, p» and ps3. Substitute p1, p2
and p3 in the following equation to obtain the complete integral.

dz = prdxy + padxs + p3dxs (14)



Jacobi's Method

Differentiation (10) and (11) w.r.t. z1, we get

Fry + Fplplzl + Fp2p211 + Fpsp3zl =0 (15)
Gi,, + G, p1,, +Gu,,p2,, + G, p3,, =0 (16)

Eliminating p;,, between (15) and (16), we obtain that
(Flelpl - FplGlxl) + (Fp2Glp1 - Fp1G1p2 )p2x1 + (FPBGlpl - Fpl G1p3 )p3wl =0
(17)

J(F,G1) O(F,G1) d(F,Gy)
O(z1,p1)  O(p2,p1) 8(?3,p1)p311 (18)

2a,



Jacobi's Method

Similarly

O(F,Gh) n O(F,Gh) O(F,Gh)

+ =0
0(z2,p2) f9(p1,pz)pl’”2 f9(ps,pz)p3’”2

and

J(F,Gy) n o(F,Gy) O(F,Gh)

=0
O(zs,ps)  Oprps) T paps)




Jacobi's Method

Suppose, if we impose the condition,
by adding (18),(19) and (20), we obtain that

d(F,Gy) N I(F,G) . I(F,G)
Iz1,p1)  O(wa,p2)  O(z3,p3)

=0

because
d(F,Gh) d(F,Gh)

A(pi, pj) d(pj, i)




Jacobi's Method

Similarly we get

0(F,G2) n JO(F,Ga) n JO(F,G2)

Oarp) T Oazpa) | Owspe)
and
9(G1,G2)  0(G1,Go) N (G, G) -
O(x1,p1)  O(wa,p2)  O(w3,p3)
(23) and (24) are semi-linear PDEs of the form
leaa_gll _Fplg_(;ll +Fw2aa(;21 _szaa(;zl +Fw3gi31 _Fp3aa_i;l =0




Jacobi's Method

Therefore, the Jacobi Auxiliary equation is given by

dxy dxo des  dpy _ dpa _ dps

= = 26
*Fpl 7Fp2 7Fp3 le FCEQ Fws ( )

The rest of the procedures are similar to Charpit's method. Substitute p;, ps
and p3 in the following equation to obtain the complete integral.

dz = prdxy + padxs + p3dzs (27)



Jacobi's Method

In general, we can extend this idea to the following PDEs.
F(thQa"' s Iny P1y P2y " apn)zo (28)

Therefore, the Jacobi Auxiliary equation is given by

_Fpl__Fp2_”‘__Fpn_Fl‘1_Fl‘2_ F:En

doy _ vy _de _dpn e _dn g

The rest of the procedures are similar to Charpit's method. Substitute
p1,p2, -+, pp in the following equation to obtain the complete integral.

dz = prdxy + pedzo + - -+ + ppday, (30)



Jacobi's Method

Example 6
Find the complete integral of the following PDE: p?z; + p3zs = p2z3 by Jacobi's

method.

F($1,$2,$3,p1,p2,,p3) :P%xl +p§x2—p:2),933 =0 (31)
The Auxiliary equation is given by

d:L'l dl‘Q dmg - dp1 -

dp2 _ dps

_Fpl _Fm _Fp3 1 Fm er,
da:l dmg dl’3 dp1 dpg _ dp3

!

—2z1p1 —2wep2  2x3ps  pr ps —pi




Jacobi's Method

d d d d
P11 T :>ﬂ_ T

P2 —2xzp P 21
a
= Inp; = -2Inzi+lna = p; = !

5

Similarly

as as
b2 = yP3 =
\/ T2 \/ T3
Using these values in the given equation, we obtain

a%+a%:a§

Va2 + a?
dz = =L duy 2 dog + Y1 T2,
V1 \/ VT3

= z = 2a1/T1 + 2a2\/T2 + 2/ a? + a3/T3+ b




Jacobi's Method

Example 7

Find the complete integral of the following PDE: p3 + p3 + p3 = 1 by Jacobi’s
method.

F(xl,mz,x3,p1,p2,,p3)Zp?—i-pg-l-pg—l:() (32)
The Auxiliary equation is given by

dey  dxg drg dpr _ dpy  dps

_Fpl _sz _Fpa le Frz F$3
dxy dre  drs dpy  dps  dps
32 32 1L 0 0 0

pL=ai,p2 =as,ps=a3 = az=1—d} —aj
z:alxl+a2m2+(1—a%—a§)x3+b




Jacobi's Method

Exercise 1: Jacobi's Method

Find the complete integral of the following PDEs

® Opixixs + 3p2:c§ +p§p3 =0

* 23pip3p3 + pipd —p3 =0

® pix1 + pazs = pi

® pipap3 + piaixsrsay =0

® (z9+x3)(p2 + p3)* — xap1pa =0
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