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Nonlinear PDE- with
two variables Complete
Integral



Nonlinear PDE- with two variables: Complete
Integral

The most general form of a PDE of order one is
F(z,y,2,p,q9) =0
where
2 =u(z,y),p = Ug, q = uy

The relation between the dependent and independent variables obtained from
the given PDE is called a solution or integral of the PDE, provided the values
of the dependent variable and its partial derivatives satisfy the PDE.




Nonlinear PDE- with two variables: Complete
Integral

Now consider the relation

qﬁ(m,y,z,a,b) =0 (1)

in the variable x, y and z where z is a dependent variable and a, b are arbitrary
constants. Differentiating (1) w.r.t. x and y, we get

¢r+¢.p=0 (2)
Qby +¢.q=0 (3)

Hence, there are two arbitrary constants with three equations; upon
eliminating the constant, we will obtain a relation

F(z,y,2,p,q) =0 (4)



Nonlinear PDE- with two variables: Complete
Integral

The relation (1) is called a solution or integral of the PDE (4). Such a type of
solution, which has as many arbitrary constants as there are independent
variables, is called complete integral of (4).

Examples 1
The complete integral of z = pz + qy is 2 = ax + by.

If a particular value is given to the arbitrary constants in the complete integral
of a PDE of order one, then the solution obtained is known as the particular
integral of the given PDE.



Nonlinear PDE- with two variables: Singular
Integral

In (1) we have assumed a and b are constants. Instead, if we assume a and b
are functions of independent variables, then these don’t alter the form of p
and q. Hence differentiating, (1) w.r.t. z and y, we obtain

Gz + @2p + Patz + Ppby =0 (5)
¢y +¢.q+ ¢aay + ¢bby =0 (6)

The forms of p and ¢ will be same as in (2) and (3), if we have

¢aax + (z)bbx =0 (7)
¢aay + ¢bby =0 (8)




Nonlinear PDE- with two variables: Singular
Integral

R

——
o ) )=
ay by gbb 0
If det R # 0, then we must have ¢, = 0, ¢, = 0.
From ¢, = 0 and ¢, = 0, we can obtain the value of a and b in terms of the

variables. The solutions obtained by solving ¢, = 0, ¢, = 0 together with
¢(z,y,z,a,b) = 0 are called the singular integral of the given PDE.




Nonlinear PDE- with two variables: General
Integral

In the complete integral ¢(z, vy, z,a,b) = 0 if the arbitrary constants « and b are
functionally related, that is, if

b=1(a) 9)
where 1 is an arbitrary function. Hence, (7) x dx + (8) x dy gives
Gatzdr + Qpbydr + ¢aaydy + ¢bbydy =0
balazdx + aydy) + ¢p(bpdx + bydy) =0
bada + ¢pdb =0
b=1(a) = db= deda
= Qo+ ¢b¢a =0 (10)



Nonlinear PDE- with two variables: General
Integral

From (10), the value of a involving the arbitrary function G may be obtained.
Then b is given by equation (9). When these values are used in (1), it takes a
new form which is different from the previously obtained integrals. This
solution is known as general integral of the given PDE.

Examples 2
We have seen that z = ax + by is a complete integral of the PDE z = pz + qv.

Now,
=01 ()
x
is also an integral of the PDE z = px + qy.

Note: Without singular integral and general integral, the complete integral is
considered to be an incomplete solution of the given PDE.




Geometrical Interpretation

Complete integral:

e A complete integral, being a relation between z, y and z, is the equation
of a surface.

® Since it contains two arbitrary parameters, it belongs to a double infinite
system of surface or to a single infinite system of a family of surfaces.



Geometrical Interpretation

General integral: Let ¢(x,y, z,a,b) = 0 be a complete integral of
F(z,y,z,p,q) = 0. A general integral is obtained from b = ¢)(a) and
¢a + Pptha = 0.
e Operation of elimination is equivalent to the selection of a representative
family from the system of families of surfaces and then finding its
envelope.

® They represent a curve drawn on the surface of the family whose
parameter is a

® The equation obtained by eliminating a between them is the envelope of
the family.

® This curve is called the characteristic of the envelope, and the general
integral thus represents the envelope of a family of surfaces considered
as composed of its characteristics.



Geometrical Interpretation

Singular integral: For singular integral, we need to eliminate a and b from

¢(x,y,z,a,b)=0,¢a:0,¢)b:0

® QOperation of elimination is equivalent to finding the envelope of all the
surfaces included in the complete integral.

® Three equations used in finding singular integrals give the point of
contact of the particular surface represented by ¢(x, y, z, a, b) with the
general envelope.

® The singular integral thus represents the general envelope of all the
surfaces included in he complete integral.




Standard Form |
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Standard Form |

Nonlinear PDE of type
F(p,q) = (17)
Let us take the trial solution

z=azx+by+c (12)

Then

Zp=p=a, zg=q=»b (13)
Hence F(a,b) = 0. Hence (12) is a solution of (11) if F'(a,b) = 0. Solving for
F(a,b) = 0 for b, we obtain b = f(a). Therefore, the complete integral is

z=azx+yfla)+c (14)



Standard Form |

To find the singular integral, we have to eliminate a and ¢ from (14) and the
equations z, = 0, z. = 0. However, z. = 0 = 1 = 0 which is not valid.
Therefore, there is no singular integral.

To find general integral, let us take ¢ = ¢(a) in (14) and get

z=azr+yf(a)+v(a) (15)
Differentiating (15) w.r.t. a, we get
0=2z+yf'(a) +¢'(a) (16)

Eliminating « from (15) and (16), we get the general integral.




Standard Form |

Examples 3
Find the complete integral of the PDE pg = 2.
We have
F(p,q) =pg—2=0

The complete integral is given by z = ax + by + ¢, where
2
F(a,b)=ab—2=0 = b= -
a
Hence, the complete integral is given by

2
z:ax—i—zy—l—c




Standard Form |

Examples 4
Find the complete integral of the PDE \/p + /g = 1.
We have

F(p,q)=pg—2=0

The complete integral is given by z = ax + by + ¢, where
Fla,b)=va+Vb—1=0 = b= (1—+a)?
Hence, the complete integral is given by

z=azx+ (1 —+va)ly+c




Standard Form |

Exercise 1: Standard Form |

Find the complete integral of the following PDEs
®*ptqg=pq
® p=c¢l
e 2 _2=4
® p+sing =0

® g—sinp=20




Standard Form lI:
Clairaut’s Equation
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Standard Form Il

Nonlinear PDE of type
z=pr+qy+ f(p.q)
is known as Clairaut’s type of PDE. The complete integral is

z=azx+by+ f(a,b)

The singular integrals can be obtained as discussed earlier.




Standard Form Il

Examples 5
Find the complete and singular integral of the PDE z = pz + qy + pq.
The complete integral is given by

z=ar+ by + ab

To find the singular integral, differentiate the complete integral w.r.to. a and b.

Then
r+b=0 —= b=—x

y+a=0 = a=—y
—= z=—yr—ay+zy — z2+2y=0




Standard Form Il

Exercise 2: Standard Form Il

® Find the complete integral of the following PDEs
° pgz = p*(zq +p°) + ¢*(yp + ¢%)
c(p—q)z—pr—qy) =1
® Prove that the singular integral of 2 = pz + qy + \/p?2 +¢2 + 1is
the unit sphere with centre at the origin.

® Prove that the complete integral of 2 = pz + qy — 2p — 3¢
represents all possible planes through the point (2, 3,0).

..........




Standard Form lll
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Standard Form Il

Let us consider the Nonlinear PDE of type

F(Z7p7Q) =0 (19)

Let z = ¢(z + ay) be a trial solution. Let u = = + ay, then p = 2z, = z,u, = 2z,
and ¢ = z, = z,u, = az, Hence, we get

F(z, zy,az,) =0

This is an ODE, and its solution is the complete integral which is given by
z=f(u+b)
z=f(z+ay+0b) (20)

The singular integrals can be obtained as discussed earlier.



Standard Form Il

Examples 6
Find the complete integral of the PDE z = p? — ¢°.
As we discussed above, p = z,, ¢ = az, and hence

.2 2.2
2=z, — 0"z,

Upon solving, we obtain
V1—a22y/z=u+b

Therefore, the complete integral is given by

4(1 — a®)z = (z + ay + b)?




Standard Form Il

Examples 7

Solve the following PDE completely z = p? + ¢%.

Here, we need to find a complete, singular, and general integral.
As we discussed above, p = 2, ¢ = az, and hence

z = zﬁ+a2z3

Upon solving, we obtain
V1+a22y/z=u+b

Therefore, the complete integral is given by

4(1 +a®)z = (z + ay + b)?




Standard Form Il

Differentiating the complete integral w.r.t. « and b, we get
8az =2y(x+ay+0b) and 0=2(z+ ay+b)

— 8az=0 — z=0

The singular integral is z = 0.
Now, let b = ¢(a) then the complete integral becomes

A(1+a®)z = (2 + ay + ¢(a))”
Differentiating this w.r.t. a we get
8az = 2(z + ay + ¢(a))(y + ¢ (a))

By eliminating a between the above two equations, we obtain a general
integral.




Standard Form Il

Exercise 3: Standard Form Il

® Find the complete integral of the following PDEs
o p?22+q" =p’q
o p*+¢° = 3pgz

® Solve the PDE completely p? + pg = 4z

e Solve the PDE completely p(1 — ¢?) = q(1 — 2)




Standard Form IV
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Standard Form IV

Let us consider the Nonlinear PDE of type

Fl(xvp) = FQ(:’-/aQ)
This is a separable PDE. Hence
Fl(l’,p) = FQ(yv Q) =a
Upon solving for p and ¢ we get
p=filz,a), q= f2(y,a)
dz = pdx + qdy
gives complete integral, which is given

o= [ fi@ade+ [ hiady+b

There is no singular integralas z, =0 = 1 =0




Standard Form IV

Examples 8

Find the complete integral of the PDE p + ¢ = sinz + siny.

This can be written as p — sinz = ¢ — siny As we discussed above, p = a +
sinz, g = siny — a Therefore, the complete integral is given by

z=a(x —y)—cosx —cosy+b




Few More Types
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Few More types

For the type F'(z"p,y"q) = 0,m # 1,n # 1:
® Take X = z'~™ Y = ¢!, then we can translate this to

F[(1=m)P,(1-n)Q] =0

where P = zx, Q = zy is of the Standard form I.
For the type F'(z"p,y"q) = 0,m =1,n = 1:
® Take X = logz,Y = logy, then we can translate this to

F[P,Q]=0

where P = ap, Q = yq is of the Standard form I.




Few More types

For the type F'(z"p,y"q,z) = O:
® By above X and Y, we can transform this to the form F(z, P,Q) =0
which is Standard form Ill.
For the type F'(:Fp, 2F¢) = 0:
® Take

Paan S 7& -1
B logz k=-1
then we can translate this to F[P, Q] = 0 is of the Standard form I.
For the type I (z, 2*p) = Fy(y, 2¥q):

® The above Z transform this to the Standard form IV.




Few More types

For the type F(z™2"p,y"2F¢) = 0: Use the following substitution to transform
this to the standard form F'(P,Q) = 0

X:{xl_m m#£ 1

logxr m=1

n#1
logn n=1

R . |
logz k=-1
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