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Recap



Characteristic ODE

F(Du,u,z) =0 in Q (M
BC: wu=g onT (2)

Suppose u solves (1) and (2). Fix x € Q. We would like to calculate u(x) by
finding some curve lying within £ connecting x with a point x° € T". The
Characteristic ODE is given by

{(a) p(s) = =D F(p(s), 2(s), x(s)) — D=F(p(s), 2(s),x(s))p(s)

) = DpF(p(s), 2(s), x(s)).p(s) (3)
(¢) X(S)=D F(p(s), 2(s),x(s))



With Boundary
Conditions



Straightening the boundary

Main Goal: Let us use characteristic ODE (3) to solve BVP at least in a small
region near an appropriate portion of I" of 0.

Fix an xy € 09.

Find smooth mapping ®, ¥ : R — R” such that ® = U~! and & straightens
out 9€) near xy.

Given any function u : Q — R, let us write V' := ®(Q2) and set

v(y) = u(®(y)),y €V

Then
u(z) = v(P(x)),x € Q

If uw € C' solves our BVP, what does v solve?




Straightening the boundary

We can see that

(9% Z 38;; gif( ) = Du(x) = Dv(y)D®(x)

Hence

0 = F(Du(x),u(x),x)
= F(Dv(y)D®(¥(y)), v(y), ¥(y))

It is an expression of the form

G(Dv(y),v(y),y) =0 in V




Straightening the boundary

Further v = hon A = ®(T") and

That is, the problem transforms to

G(Dv(y),v(y),y) =0 inV
v=~h on A




Compatibility Conditions on Boundary Data

Assumptions: For a given point x, € T', we may further assume that I is flat
near xo, lying in the plane {z,, = 0}.

Goal: To initialize the characteristic ODE to construct a solution at least near
xo, and for this, we must discover appropriate initial conditions

p(0) = po
z(0) = zp
x(0) = xq

If the curve x(.) passes through x, we should insist that

20 = g(xo) (6)



Compatibility Conditions on Boundary Data

What do we require for p(0) = py? Since
U(l’l,l’Q, e 7$n7170) = g(l‘l,l‘g, e 7$n71)

near x, let us differentiate it to find

ou dg

=9 (e),i=1,2,-- n—1
8%(%) axi(x0)7z ) 4y y

Since it should also satisfy our PDE, we should insist
Po = ((pl)(), (pg)o, BRI (pn)o) satisfies the foIIowing

(pi>0:%($0)7 i:1727"'7n_1
F(po, z0,20) =0




Compatibility Conditions on Boundary Data

Remarks
® (6) and (9) are called compatibility conditions

* Atriple po = ((p1)o, (p2)o, -~ » (Pn)o) € R**! verifying (6) and (9) is
admissible.

® >, is uniquely determined by the BCs and our choice of zg
® g satisfying (9) may not exist or may not be unique.




Noncharacteristic Boundary Data

Assumptions:

® x €I, that I near x lies in the plane {z,, = 0}

® (po, 20,Xp) is admissible
Goal:
Construct a solution « of our PDE in €2 near z by integrating the
characteristic ODE with x intersecting I" at x.
Additional Task:
We need to solve these ODEs for nearby initial points as well, and
consequently, if we can perturb (po, 29, Xo), but keeping the compatibility
conditions.




Noncharacteristic Boundary Data

That is, for a given pointy = (y1, 2, -+ ,yn—1,0) € T' with y close to x(, we
intend to solve the characteristic ODE

(a) P(s) = =Dz F(p(s), 2(s),%(s)) = D-F(p(s), 2(s),x(s))p(s)
(b) 2(s) = DpF(p(s), 2(s),%(s)).p(s)
( (

(10)
() x(s) = DpF(p(s),2(s),x(s))

with initial conditions




Noncharacteristic Boundary Data

Now, we need to find
Q(Xo) = Po

and
(a(y),9(y),y)

is admissible. That is,

{qu):ag() i=1.2. 1
F(a(y),g9(y),y) =0

hold for all y € T" close to x




Noncharacteristic Boundary Conditions

Theorem 1 (Noncharacteristic Boundary Conditions)
There exists a unique solution q(.) of

q(x0) = po
and
F(a(y),9(y),y) =0
for all y € T" sufficiently close to xg, provided
oF
Tpn(Pano,Xo) #0 (14)

We say that admissible triple (po, 20, x0) is noncharacteristic if (14) holds.




Local Solution
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Local Solution

Question

Did we achieve our goal? That is, use the characteristic ODE to build a solution

u of (1) and (2) at least near I"
Not really, we are moving towards it. Let us use straightening the boundary,
compatibility conditions, and noncharacteristic conditions to achieve this.
Assumptions:

® Select a point x( € I" and assume that near x, the surface T" is flat lying
in the plane {z,, = 0}.
® (po, 20, Xg) is admissible boundary data, which is noncharacteristic




Local Solution

By theorem 1, there exists a function q(.) such that py = q(x¢) and the triple
(a(y),g9(y),y) is admissible for all y sufficiently close to x.

Foranyy = (y1,¥2," - ,¥n—1,0), we can solve characteristic ODE (10) subject
to initial conditions (11).

Notations

pP(s) =p(y,s) =P, 92 " ,Yn-1,5)
z(s) = z2(y,s) =P, 42+ 1 Yn—1,95) (15)
X<8) X(y7 8) = X(yl, Y2 5 Yn—1, 3)



Local Invertibility

Theorem 2 (Local Invertibility)
Assume we have the noncharacteristic condition

F,,, (pos z0,%0) # 0.

Then there exist
1. anopeninterval I C Rsuchthat0 e I
2. aneighbourhood W of xq inT" ¢ R*~!

3. aneighbourhood V' of x; in R™ such that for each x € V, there exist
unique s € I,y € W such that

x =x(y,s)

The mapping z — s,y is C2.




Local Invertibility

Proof: We have (xg,0) = x(. By the Inverse Mapping theorem, we can obtain
the result if det Dx(xg,0) # 0. For,

x(y,0) = (y,0),y €T

andsoifi=1,2,---,n—1
o’ 6ij j=1,2,---,n—1
R S
dy; 0 j=n

From (10)(c), we have

Oz
E(Xovo) = I}, (Po, 20, X0)




Local Invertibility

Proof: We have (xg,0) = x(. By the Inverse Mapping theorem, we can obtain
the result if det Dx(xg,0) # 0. For,

x(y,0) = (y,0),y €T

andsoifi=1,2,---,n—1
o’ 6ij j=1,2,---,n—1
R S
dy; 0 j=n

From (10)(c), we have

Oz
E(Xovo) = I}, (Po, 20, X0)




Local Invertibility

Thus,

0 £}, (Pos 20,X0)
0 FPQ (p07 20, XO)

O =
= O

Dx(x0,0) =

1 :
0 Fpn (p07 20, XO) nxn

0
0
Therefore, when F, (po, 20, X0) # 0, Dx(x¢,0) # 0. Hence the proof.

o O




Local Solution

Remarks
By above theorem, for each z € Q, we can locally uniquely solve the equation
fory = y(x),s = s(x)
Now, let us define for each x € Q and s,y as in (16)
{u(x) = 2(y(x), 5(x)) 1)
p(x) :== p(y(x),s(x))

By the above equations, we can locally weave together the solutions of the
characteristic ODE into a solution of the PDE.
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