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Local Existence
Theorem



Noncharacteristic Boundary Data

F(Du,u,z) =0inQ
u=gonl

,2(8),%(s)) = D-F(p(s), 2(s), x(s))p(s)
F(p(s), 2(s),x(s)).p(s)

(0) 2(s) = Dy
Dy F(p(s), 2(s), x(s))

() x(s)

with initial conditions

{(a) p(s) = —D.F(p(s)
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Assumptions:
® x, €I, that I near x¢ lies in the plane {z,, = 0}

® (po, 20, X0) is admissible




Noncharacteristic Boundary Conditions

Theorem 1 (Noncharacteristic Boundary Conditions)
There exists a unique solution q(.) of

q(x0) = po
and
Qi(Y):gfi(y), i=1,2,-,n—1 @)
F(a(y),9(y),y) =0
for all y € T" sufficiently close to xg, provided
oF
%(Povzo,XO) #0 (4)

We say that admissible triple (po, 20, x0) is noncharacteristic if (4) holds.




Local Solution

Remarks
By above theorem, for each z € Q, we can locally uniquely solve the equation

{x =x(y, s)

fory = y(x),s = s(x)

©)
Now, let us define for each x € Q and s,y as in (5)

{u(X) = 2(y(x), s(x)) (6)

P(y(x),s(x))

By the above equations, we can locally weave together the solutions of the
characteristic ODE into a solution of the PDE.




Local Existence Theorem

Theorem 2
The function u defined by

u(x) := 2(y(x),s(x))
is C? and solves the PDE
F(Du(x),u(x),x) =0 (x€Q)

with the boundary condition




Local Existence Theorem

Claim 1: Local Solutions

Fix y € I close to xg. Then we can solve the characteristic ODE (1) and (2) for

p(S) = p(Y7 S) = P(yh?/Q 5 Yn—1, S)
2(y,s) = z(y1, 92, Yn—1,5)
X(S) - X(y7 3) = X(y17 Y2 5 Yn—1, S)

Claim 2: There exists f such that

f(ya S) = F(p(yv 3)7 Z(y7 S)7X(y7 S)) =0,

seR (8)
if y is sufficiently close to xq.



Local Existence Theorem

By the compatibility condition, we have

f(y,0) :== F(p(y,0),2(y,0),x(y,0)) = F(a(y),9(y),y) =0

Further,
Of () LS~ 0P,  OF, NN OF
s’ 2 ap, 71T g L D
LS (O r, YOk (Sor ) sor
= Opj ox; 0z 0z = opj? = Ox;

By solving fs(y,s) = 0and f(y,0) = 0, claim 2 follows.




Local Existence Theorem
Therefore, from local invertibility, we have
F(p(x),u(x),x) =0 (x€Q)
To prove our theorem, it is enough to prove that
p(x) = Du(x), (x€)

Claim 3:

Zpg (y,8) 5 2(y.s), foryeW,sel (10)

By using the characteristic ODE (1)(b) and (1)(c), claim 3 follows immediately.



Local Existence Theorem

Claim 4:
Zp] y,s Y, )7 i:1727"'7n_1 (11)

Fixyel',ie{l,2,--- ,n—1} set

n<s>=§;<y73>—;my7 S (12

Claim 4a: It suffices to prove that r;(s) = 0,Vs e R,i =1,2,--- ;n — 1.
Using noncharacteristic boundary conditions theorem, equation (3), we can

obtain that
dg

8xi

ri(0) = ->(y) —ai(y) =0



Local Existence Theorem

Now
) 0%z - Op; Ox; ﬁzxj
i(s) = Qy;0s B ; [83 0y; L 8y¢88]
Similarly,
0%z - Opj Ox;j 82:Uj
0s0y; = Qy; 0s 0y;0s
Hence,
. B " apj 8CC]‘ apj axj N - 8pj oF oF oF
rils) = ; [8% 0s ds Oy; | ]Z:; 0y; \ Op; Oz, %p




Local Existence Theorem

From claim 2, we have

F(p(y,s), z(y, s),x(y,

Hence, we obtain

Z oOF ﬁp] OF 0z
8p] Gyz oz i

OF Oz
8,2 92 P gy, y;

Z

OF Oz
81‘3 0y;

(15)



Local Existence Theorem

By solving 7;(s) = —F.r;(s) and r;(0) = 0, claim 4a and claim 4 follows.
Claim 5: If we claim the following, the proof completes.

p(x) = Du(x), (x€Q)
Now, by (6) forj = 1,2,--- ,n, we have

ou 0z 0s 0z Oy; " x| Os gy L Oxy, 3yl
0z ~ 0Os 61’ Z Oy; Oz (Z Pk s ) 0z + pa (Z P Y; ;
B “ Oxp 0s 8xk y; - ox
;pk ( 0s 83; Z Qi 8x]> Z k(?afj
= prljk =p;
k=1

Hence the proof.




Applications: Linear

13



Applications: F'is linear

Consider the following PDE

{F(Du,u,x) = b(x).Du(x) + c¢(x)u(x) =0 x €
U= onT

Let xo € T" and the problem has a noncharacteristic boundary. Then
b(Xo).I/(Xo) 75 0

We can clearly see that this condition does not depend on z or py.
(Remember! We stated this earlier).




Applications: F'is linear

Now, we can uniquely solve this equation

D, F(po, 20,%0)-v(70) # 0

for q(y) if y € T is near x(. By the local existence theorem, we can construct
a unique solution of (16)

Remarks

® For proving the theorem, we have used all characteristic ODEs, but it is
not necessary to use them if we know the solution exists

® |nstead, we can use the reduced system, which does not involve p(.)

® Since we have a unique solution for the IVP, the projected characteristics
x(.) emanate from distinct points on I" cannot cross



Applications: F'is linear

Let us consider three different cases of trajectories of the ODE

Case 1:
Assumptions:

® The vector field b vanishes within Q only at one point.
® | et the point be the origin 0
® br<oonl




Applications: F'is linear

Question
Can we solve the following IVP?

{M@DM@:O x € (18)

u=g on I

By the local existence theorem, there exists a unique « defined near I. Further,

u(x(s)) = u(x(0)) = g(xo)
for each solution of the ODE (17) with x(0) = x¢ € T.

Remarks
® Unless g is constant, this solution can't be smoothly continued to all of
e Any smooth solution of (18) is constant on trajectories of (17)



Applications: F'is linear

Case 2:
Assumptions:

® Each trajectory of the ODE (17) enters and exits €2 exactly once
somewhere through the set

I':{x€dQ:bx)r(x) <0}

® Exception for the above assumption on characteristic points where it
touches the boundary.

For this case, we can find a smooth solution of (18). Set u to be constant
along each flow line.




Applications: F'is linear

Case 3:
Assumptions:
e A few trajectories of the ODE (17) enter and exit 2 exactly once
somewhere through the set, and a few do not obey it

I':{x€dQ:bx)r(x) <0}

For this case, we can define u to be constant along the characteristics. Then
u may be discontinuous at a few points. In this case, the local existence
theory may fail near those characteristic points.




Applications:
quasilinear
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Applications: F'is quasilinear

Consider the following PDE

{F(Du, u,x) = b(x,u).Du(x) + c(x,u) =0 x € (19)

u=gq onI’
Let xo € T and the problem has noncharacteristic boundary. Then
b(xo, z0).v(x0) # 0

where zy = g(x¢). We can clearly see that this condition does not depend on
po. (Remember! We stated this earlier).




Applications: F'is quasilinear
Now, we can uniquely solve this equation

D, F(po, 20,%0)-v(70) # 0

for q(y) if y € T is near x(. By the local existence theorem, we can construct
a unique solution of (19) in some neighbourhood of x.

Remarks

® Unlike the linear case, it is possible that the projected characteristics
emanating from distinct points in I' may intersect outside €.

e |f such a scenario occurs, we can understand that our local solution
ceases to exist within all of Q.



Applications: F'is quasilinear

Consider the following scalar conservation laws (more problems follow!)

{ut+F’(u).Du:O in Q@ =R" x (0,00) (20)

u=g on R" x {t =0}
Let
G(Du, ug, u, x,t) = uy + divF(u) = uy + F'(u).Du =0
Here, F : R — R" F = (F1, Fy,--- , F,). Sett = zp41.



Applications: F'is quasilinear

We can rewrite the above equation as follows: Let q = (p, p,+1) and
y = (x,1), then,

G(qa 2, Y) = Pn+1 + F/(Z).p
Hence

DoG = (F'(2),1)
DyG =0
D,G =F"(2).p

We can observe that the noncharacteristic condition is satisfied at each point
yo = (x0,0) € T'. Now, characteristic ODE(a) becomes

(21)



Applications: F'is quasilinear

From above equation, z,,11(s) = s which agrees with z,,,; = ¢. In other words,
we can identify the parameter s with time ¢. Therefore, equation (b) in
characteristic ODE becomes

i(s) =0 = z(s) = 20 = g(x0) (22)

and
x(s) = F'(g(x0))s + %o (23)

Thus the projected characteristic

y(s) = (x(s), s) = (F'(g(x0))s + %0, 5)

is a straight line along which w is constant.



Applications: F'is quasilinear

Crossing Characteristics:
® Suppose the same logic applied to different initial point zy € I" where

g(x0) # g(20)

The projected characteristics may intersect at some time ¢ > 0.
u = g(xg), projected characteristic through x

u = g(20), projected characteristic through z
A contradiction.

The IVP (20) does not, in general, have a smooth solution existing for all
times ¢ > 0.




Applications: F'is quasilinear

Let us remove s from (22) and (23) to obtain an implicit formula for «. For
given x € R™ and ¢ > 0, we see that since s = ¢,

u(x(t),t) = =(t)

(x(t) — tF'(20))
(x(t) — tF'(u(x(t), 1))

9
9
u=g(x — tF'(u))

Remember! Burger’s equation solution! Transport equation solution! The
above equation gives a solution provided

1+ tDg(x — tF' (u)).F"(u) # 0




Applications: F'is quasilinear

Remarks
Forn =1, we need
1+tg'(x — tF'(u))F"(u) #0

If I > 0, but ¢’ < 0, then you will get a false statement at some time ¢ > 0.
This indicates the failure of both the implicit formula and the characteristic
method.




Applications: fully
nonlinear
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Applications: I is fully nonlinear

Remarks
The form of the full characteristic equations is quite complicated for nonlinear
PDEs. We discuss only a particular type called the Hamilton-Jacobi equation

The general Hamilton-Jacobi PDE is given by

G(Du,ug,u,x,t) = uy + H(Du,x) =0 (24)
Similar to the above discussion, we have

G(q7 Z, y) = Pn+1 + H(pa X)



Applications: I is fully nonlinear

Hence

DqG = (DpH(p, x)v 1)
D,G = D,H(p,x)
D,G =0

Now, characteristic ODE (c) becomes

{wl(s) = %(p(s),x(s)),i =12n
j;nJrl(S) =1




Applications: I is fully nonlinear
Now, characteristic ODE (a) becomes

{pxs) = 2 (p(s),x(s)),i = 1,2,
pn-i—l(s) =0

Now, from characteristic ODE (b) becomes

2(s) = DpH (p(s),%(s)).p(s) + " (s)
= DpH(p(s).x(s)).p(s) — H(p(s),x(s)).p(s)




Applications: I is fully nonlinear

Therefore, the characteristic equation for the Hamilton-Jacobi equation is
given by

(s) = =DxH(p(s),x(s))

(s) = DpH (p(s),x(s)).p(s) + p"*(s) (27)

(s) = DpH(p(s),x(s))
C

The equation below is called Hamilton's equations.

p(s) = —DxH(p(s),x(s))
i(s) = DpH(p(s),x(s))
Once we solve Hamilton's equations, solving the Hamilton-Jacobi equation

becomes trivial. In general, the Hamilton-Jacobi equation does not have a
smooth solution u lasting for all time ¢ > 0

p

-

(28)
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