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Preliminaries



Directional Derivative

The derivative of f at Py(xo,yo) in the
direction of the unit vector u = (u1, u2)
is the number
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Figure 1: Source: Thomas' Calculus
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Interpretation of Directional Derivatives

The vertical plane that passes through
P and Py(xo,yo) parallel to u .
intersects the graph S in a curve C. Surface S:
. . . Sxg + suy, yo + sus) — flxo, yo)
The rate of change of f in the direction e =fxy) I 0T oA T
of u is the slope of the tangent to C at \ ‘mgemnne
‘ %
|

P in the right-handed system formed
by the vectors u and z-axis.

(xg + suy,yo + suy)
Py(x0, o) u =i+ uyj

Figure 2: Source: Thomas’ Calculus



Partial Derivatives as Directional Derivatives
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Figure 3: Source: Thomas’ Calculus

Vertical axis
in the plane
x=x

Tangent line

P(xg, yor fixos ¥9))

2= fxy)

(X0, Yo)
(0, Yo+ k)

The curve z = flxy, y)
in the plane
X=Xy

Horizontal axis
in the plane x = x
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Gradient

The gradient vector (gradient) of f(x,y) at a point Py(zo,yo) is the vector

of 8f)

grad f =V f = <%’8_y

obtained by evaluating the partial derivatives of f at P.

V f is read as “gradient of f” or “grad f” or “del f”.




Directional Derivative and Gradient

Let f(x,y) be a differentiable function. For the vector u = (uy,uz), consider
the line
T = To + su1 Y = Yo + suz

Then by chain rule

()., 1) (&) (;‘5) (@),
) ;] [+ o]




Directional Derivative as a Dot Product

Theorem
If f(x,y) be adifferentiable function in an open region containing Py = (o, yo),
then the directional derivative along the unit vector u is

()., =9Dn w=1vsless

where 6 is the angle between the vectors w and V f.




Properties of the directional derivative

® The function f increases most rapidly when cos# = 1 or when # = 0 and
u is the direction of V f. The derivative in this direction is

Duf = (V) -u=[Vfcos(0) = [V[]

e The function f decreases most rapidly when cos = —1 or when § = —=
and u is the direction of —V f. The derivative in this direction is

Duf = (V) -u=|Vflcos(m) = - |V]]|

e Any direction u orthogonal to a gradient V f # 0 is a direction of zero
change in f because 6 then equals 7/2 and

Duf = (Vf)-u=|Vfcos(r/2) =0



Directional Derivative

Recall the directional derivative definition

Definition 1 (Directional Derivative)
Let f(z,y) be a function defined in a domain Q@ c R2. Let (zg,y0) € Q. The
directional derivative of f(x,y) in the direction of a unit vector v = ai + bj at

(o, yo) is given by

L f(xo + ha,yo + hb) — f(zo, yo)
= 11m
h—0 h

Dupteom) = (£

(w0,90)

Here D, denotes the directional derivative in the direction of v
From Rudin: If v = )" v;e;, then

DI =Y 2 s
i=1 "




Gradient

Definition 2 (Gradient)
The vector operator

"0
VEzga—xiei
i=

is called the gradient. The gradient of a function f(z1,x2, - - -

)
Vf =gradf := Za—gei
i=1 "

where f : R" - R
In 2D case,




Gradient

Remark

DVf|(a:0,y0) = gradf|(w0,y0)'v
Dyf(x) = Vfv
If v =ai+ bj,
va = fza + fyb = (le + fyj)‘(ai + bJ)

If Dy f = 0,then fis constant in the direction of the vector v. The gradient of a
function at a point is a vector that points in the direction in which the function
increases most rapidly.




Divergence

Definition 3 (Divergence)
The divergence of a vector field is the flux per unit time. It is defined as an inner
product between the gradient operator and the vector field

VV_ZgZ:

where v : R* — R"”
In 3D, if v = (’U1, V2, ’U3), then

81)1 81)2 81}3

V.VE%-i-a—y"i‘E




Laplacian

Definition 4 (Laplacian)
The Laplacian of a scalar-valued function is defined as

n 82f

Af=Vif=V.(Vf=) —
P Ox?

where f : R" — R

Definition 5 (Laplacian of a vector)
The Laplacian of a vector-valued function is defined as

_ 2. 821}1
Av=Vv=V.(Vv) = Z e

where v : R* — R"”




Boundary Conditions
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IVP

Definition 6 (Initial Value Problem)
A partial differential equation subject to certain conditions in the form of initial
conditions is known as initial value problem or in short IVP. Usually the initial
conditions are given as u(x, tg) = f(x).

Example 1

U — Uy =0, —oo <z <o00o,t>0
u(z,0) = ¢(x), —co<x<o00,t=0




BVP

Definition 7 (Boundary Value Problem)

A partial differential equation subject to certain conditions in the form of
boundary conditions is known as boundary value problem or in short BVP. Usu-
ally, the boundary conditions are given as the values on the boundary 09).

Example 2

Ugg + Uyy = 0, (z,y) €
u(z,y) = ¢(z,y), (z,y) €N




Dirichlet Boundary Condition

There are three types of boundary conditions usually prescribed (although
other conditions, like periodic, inlet, and outlet, are also available)

Dirichlet Boundary Condition: The solution is known at the boundary of the
domain, or the values of u are prescribed at each point of the boundary 02

u(z,t) = f(x),x € 0Q,t >0 - ‘

Example 3 "

This is also called as Fixed or Essential Boundary Condition or boundary
conditions of the first kind. 17



Neumann Boundary Condition

Neumann Boundary Condition: The derivative of the solution is given in a
direction at the boundary of the domain or the values of the normal derivative
of u are prescribed at each point of the boundary 99

@
on

Here n = n(x) is the outward unit normal to 92 at x € 992

=n.Vu= f(z),r € 00

Example 4

Ugy + Uyy = 0, (SL‘,y) cN
% = p(z,y), (z,y) € 0

This is also called as Natural Boundary Condition or boundary conditions of
the second kind.

18



Robin Boundary Condition

Robin Boundary Condition: It is a linear combination of Dirichlet and

Neumann boundary conditions or when the values of a linear combination of
v and its normal derivative are prescribed at each point of the boundary 99

ou
0S4 fulx) = (). € 00
Example 5
Uz + Uyy = 0, (z,y) € Q
adh + Bu=g(z,y), (z,y)€ N

This is also called as impedance or convective boundary condition or
boundary conditions of the third kind.

19



Classification of PDEs
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Why Classification

® Based on the number of properties, we can group families of similar
equations

® |n fact, a few researchers see no advantage in the classification process

e Some classifications are given a few branding, like Navier-Stokes, Heat
Equation, etc

® Some classifications help to identify or guess, or predict the properties of
solutions of PDEs in that class.

e Some classification helps to identify the allowable initial and boundary
conditions

e A few classification helps to select an effective numerical method
e Classifications are done using characteristics, order, linearity, and so on.



PDE

Definition 8 (PDE-Formal Definition)
Let Q c R",m € Nand

F:OxRP xR™ x R"P x ... x R*"P s RY
A system of partial differential equations of order m is defined by the equation
F(x,u,Du,D*u,--- ,D"™u) =0 (1)

Here, some m!" order derivative of the function u appears in the system of
equations.




Classification-I - System

Based on the number of equations, we can classify PDEs.

Definition 9
If a PDE (1) consists of more than one equation, it is called a system of PDEs.
Otherwise, it is called a single PDE or a scalar PDE, or simply PDE.

Classify all PDEs given in our last class into a system of PDEs and a
single PDE




Classification-Il - Order

Based on the highest order derivative, we can classify PDEs.

Definition 10
If the highest order derivative appearing in the PDE is m, then such PDEs are
classified as m!" order PDEs.

Find the order of PDEs of all PDEs discussed in our last class.




Classification-Illl - Linear/Nonlinear

Through algebra, we can also classify PDEs. In algebra, we categorize
algebraic equations as linear and nonlinear equations. To define linearity, let
us rewrite the equation (1) as

Lu=f (2)

where L is an operator which assigns u a new function Lu. Here f is a
function of x only.

Definition 11
The operator £ is called linear if
L(au+ Bv) = alu + Ly (3)

for any function v and v and constants « and g.



Classification-lll - Linear

Definition 12
If the operator £ in (2) is linear, then the PDE is called a linear PDE. Equivalently,
an m!"-order PDE is linear if it can be written as

> aa(x)D% = f(x) 4

laj<m

Here a,’s are functions of x only.

Example 6
1. Ut + Uy = 0
2. Ugy + Uyy =0
3. us + z2u; =0




Classification-lll - Nonlinear

Definition 13
If the operator £ in (2) is not linear (or equivalently, it can’t be written in the
form of (4)), then the PDE is called a nonlinear PDE.

Example 7
1. up +uu, =0
2. ui+uy =0

Identify the list of linear and nonlinear PDEs from all PDEs discussed in
our last class.




Classification-1V - Quasilinear

We have categorized PDEs as linear and nonlinear already. The PDEs can be
further categorized based on the linearity of different derivatives. For
example,

® Quasilinear

® Non-Quasilinear or Fully nonlinear

Definition 14

The equation (1) of order m is called quasilinear if it is linear in the derivatives of
order m with coefficients that depend on the independent variables and deriva-
tives of the unknown function of order strictly less than m.




Classification-1V - Quasilinear

Definition 15
Equivalently, an m!" order PDE is quasilinear if it can be written in the form

Z ao(x,u, Du, - -- D™ Yu) D + ag(x, u, Du, - - - D™ ) = 0 (5)

laj=m

Here a,’s are functions of x and derivatives of the unknown function of order
less than m.

Definition 16

An m!" order PDE is called fully nonlinear if it is not linear in the derivatives of
order m. Equivalently, a PDE that is not quasilinear is called a fully nonlinear
PDE.




Quasilinear

Example,
Uy + utly =0

For,

(crure + cauoy) + u(ciuty + coliay) = Cruiy + Coloy + Crunly + cautgy

Example 8
1. uz + uu, = 0 is quasilinear
2. uz + a(u)u, = 0 is quasilinear
3. w2+ “Z = (0 is not quasilinear. It is fully nonlinear

4. div (\/Hvluﬂ> is fully nonlinear

5. uy + u2 — u = cos(xt) is fully nonlinear




Classification-V - Semilinear

Quasilinear PDEs are further categorized into
® Semilinear
® Non-semilinear

Definition 17
A quasilinear PDE of order m is called a semilinear PDE if the coefficients of
derivatives of order m are functions of the independent variables alone.




Classification-V - Semilinear

Definition 18
A quasilinear PDE of order m is called a semilinear PDE if the coefficients of
derivatives of order m are functions of the independent variables alone. Equiv-
alently

Z a0 (X)D%u + ag(x, u, Du, - -- D™ 1u) = 0 (6)

|a|=m

Here a,'s are functions of x alone.

Example 9
1. u + ug + u? = 0is semilinear
2. Up + Ugppy + uu, = 0 is semilinear
3. zu, + yu, = uis semilinear
4. uy + uu, = 0is not semilinear




Classification-VI - Almost linear

Definition 19
An m!" order semilinear PDE is called almost linear if it can be written in the
form
Z ao(xX) D% + f(x,u) =0 7)
la|<m

Here a,'s are function of x alone or if it is of the form
where f(z, u) is anonlinear function with respect to v and L is a linear operator.

Example 10
1. u + ug + u? = 0 is almost linear
2. zuz + yu, = uis almost linear




Classification-VII - In/Homogeneous

Suppose (1) can be written in the following form

D(u) = f(x) 9)

Definition 20
If f = 0in (9), then the PDE is called a homogeneous PDE. If f # 0, then the
PDE is an inhomogeneous PDE".

Example 11
1. u; + vwu, = 0 is homogeneous
2. 2u, — 5u® = z is inhomogeneous
3. upp + Luy + Lugg = f(r,0) is inhomogeneous if f # 0

"In some textbooks it is also called nonhomogeneous PDE. Also, many textbooks usually
classify only linear PDE as homogeneous and nonhomogeneous



Examples

Example 12

PDE (0) Lin AL Sem Qua HG FNL

g+ ug +u? =0 1
Ugg + Uyy =0 2

u§+u§:x2+y2 1

N
AN NN
SRS NN
N NN
x % S
x N X X%

ug + 5u = 22y 1

O - Order, Lin - Linear, AL - Almost linear, Sem - Semilinear, Qua - Quasilinear,
HG - Homogeneous, FNL - Fully nonlinear.
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