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Holder Spaces



Motivation

® We know the hierarchy:
CH(Q) c Q) c L™=(Q)

but how do we measure how smooth a continuous function is?
® Consider these two functions on (0, 1):

hz) =z, fo(z)=Va.

Both are continuous, but f; is “smoother” near x = 0 than f5.
® We want a way to measure this degree of continuity.




Holder Continuity

Assume Q C R™ is open and 0 < v < 1. We consider the class of Lipschitz
continuous functions u : 2 — R which by definition satisfies

lu(x) —u(y)l < Clx —y| (x,y €Q)

for some constant C. Let us consider the u satisfying the variant of this
condition, namely.
[u(x) —u(y)| < Clx—y[" (x,y €Q)

for some constant C. This function is said to be a Holder continuous with
exponent +.




Holder Continuity

Definition (Holder Continuous Function)

A function v : Q — R is said to be Holder continuous of order ~, where 0 <
~ < 1, if there exists C' > 0 such that

u(z) —u(y)| < Cle —y[" Va,y e Q.
® ~ = 1: Lipschitz continuous.
® () < v < 1: Holder continuous but not Lipschitz.
® Example:
u(@) =ve = Julz) —u(y) < |v -y
sou € COY/2(0,1).




Holder Norm

Definition 1 (Holder norm)
If u: Q) — R is bounded and continuous, we write

[ullc) = sup |u(x)|
xeN

The +*'-Hoélder seminorm of . : Q — R is

IM@—uWH}
U o) i= Su _—
[ ]Co,w(Q) x,yé)Q { |X _ yl'y

x#y

and the ~*"-Hélder norm is

||U|\00w(ﬁ) o= ||u||c(§) + [U}co,w(ﬁ)




Holder Spaces

Definition 2 (Holder Space)
The Holder Space
R (@)

consists of all functions u € C*(Q) for which the norm

[l gra gy = Z [D%ull @y + Z[Dau]co,v(ﬁ)

laf <k |alk

is finite.

Theorem 1 (Banach Space)
The space of function C*7(Q) is a Banach space.




Holder Spaces

Remarks
® |ncreasing a = stronger smoothness.
e (%0 — Y (continuous functions).
e C0! — Lipschitz functions.
e C10 =1 andsoon.
e Holder spaces interpolate between C* and C**1.
® Holder spaces measure smoothness in a pointwise sense.

Next, we'll see Sobolev spaces measure regularity in an averaged (integrable)
sense.



Weak Derivatives



Motivation

e Classical calculus requires functions to be differentiable.
But in PDEs, many natural solutions are not classically differentiable.
Example: u(z) = |z| on (—1,1)

o Continuous everywhere

o Not differentiable at z = 0

Still, we can make sense of its derivative almost everywhere.
We need a function space that allows “derivatives in an averaged sense.”

Goal
Find a space where both « and its generalized derivatives are integrable.



Weak Derivatives

Idea
If u is not differentiable, but there exists v € L2?(£2) such that

/ w()f () dz = — / v(@)p(e)dz ¥ ¢ € D(Q),
Q Q

then v is called the weak derivative of .

Example 2

Let
z, 0<z<1, 1, 0<zx<1,
u(x) = = o(z)=

1, 1<z<2

Then v is the weak derivative of w.




Weak Derivatives

Remember:

Let D = C2°(N2) denote the space of infinitely differentiable functions
¢ : Q — R with compact support in Q2. We call ¢ a test function. Let
u € C1(2). Then if ¢ € D, by integration by parts, we have

/u(bmidx: —/uziqbdx, (i=1,2,--,n)
Q Q
Letu € C*(Q) and o = (a1, 0, - - - , ) is @ multiindex of order

la| =37 | o = k. Then'if ¢ € D, by integration by parts, we have

/uD"qﬁdx = (—1)0‘|Q/D°‘uqﬁdx

Q




Weak Derivatives

Definition 3 (Weak Derivatives)
Suppose u,v € Li,and a is a multindex. We say that v is the a"-weak partial
derivative of u, which is written as

D%y =w

/uD“d)dx = (=1)ld /vd)dx
Q Q
for all test functions ¢ € C2°(9)




Weak Derivatives

Theorem 3 (Uniqueness of Weak Derivatives)
A weak of'-partial derivative of w, if it exists, is uniquely defined up to a set of
measure zero

Proof:
Let u,v1,vy € L},.(9) satisfy

uD¢dx = (=11 [ vigdx = (=) [ vapdx Vo € D
/ / /

Q

The rest of the proof follows immediately.




Weak Derivatives

Example 4
Letn =1,9 = (0,2) and

{m, 0<ax<1
U =

1, 1<z<?2
Define
1, 0<z<1
v =
0, 1<z<?2

Then v/ = v in a weak sense.




Weak Derivatives

For, let ¢ € D(Q2). Then we need to prove that

2 2
O/ugbd:v:—o/vqbdfn

This follows immediately as

/2u¢ /1x¢d$+/¢d$_$¢ /¢dx+¢) o(1)
0 0
2
/¢dx+¢ o(1) = —0/v¢dx




Weak Derivatives

Example 5
Letn =1,Q = (0,2) and

z, 0<ax<l1
U=
2, 1<x<?2

For this, v’ does not exist in the weak sense.




Weak Derivatives

Suppose there exists v such that

2 2
O/ugbd:c:—o/vqbda:

forall ¢ € D, then

jwdx 0/2u¢’dx 0/1x¢’dx+21/2¢’dx = 0/1¢dx¢(1)

Choose a sequence {¢,, }°2°_, of smooth functions satisfying

0 < ¢, < 1,Vzandm, ¢, (1) = 1,Ym, ¢y (x) — OV # 1




Weak Derivatives

Using this ¢,,,, we obtain

2 1
1= nhlbi_r)nooqﬁm(l) = mlgnoo !/vgbmdx - /qﬁmdx] =0
0

0

It is a contradiction.




Sobolev Spaces
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Sobolev Spaces

Fix 1 < p < oo and k be a nonnegative integer.

Definition 4 (Sobolev Spaces)

The Sobolev space W*»(Q) consists of all locally summable functions v : Q —
R such that for each multiindex a with || < k, D*u exists in the weak sense
and belongs to LP(Q).

Remarks
® |f p =2, we get
Hk<Q) :Wkg(ﬂ)) (kZO,]_,)
® [ is used because it is a Hilbert space.
e H9Q) =L*Q)




Sobolev Spaces

Definition 5 (Essential Supremum)
Let f : Q — R be measurable. The essential supremum of f is

esssup f(z) = inf{M e R: f(z) < M fora.e. z € Q}.
z€Q

It is the smallest upper bound that f does not exceed, except on a set of mea-
sure zero.

Example 6
If

_J0, x #0,
A= {100, r=0,

then sup f = 100 but esssup f = 0.




Sobolev Spaces

Definition 6 (Sobolev Norm)
If u € WkP(Q), its norm is defined by

1/p
(Z / IDC“U(w)Ipdw> , 1<p<oo,
||U||Wk»p(sz) = jal<k S
Z esssup |D%u(z)], p = oo.
lof<k €2




Intuition and Importance

Norm (Energy Norm)

ul% = /Q (Iuf? + |Vul?) da.

H'(Q) is also called the energy space.
If u represents displacement, |Vu|?> measures stored elastic energy.
e Finite energy < u, Vu € L*(Q).

® Hence Sobolev spaces are the natural setting for weak (variational)
solutions of PDEs.




Intuition and Importance

Example: Poisson Equation
Find u € H{ () such that

/Vu-V¢dx=/f¢da: Yo € Hi(Q).
Q Q

This makes sense even when u” doesn't exist classically!




Geometric Picture and Hierarchy

® Sobolev spaces extend the notion of differentiability:

Cy(Q) Cc Hy(Q) C L*(Q).
e They are complete under the H'-norm, hence Hilbert spaces.
e Sobolev Embedding (1D intuition):

HY(0,1) < C%/2(0,1),

meaning H' functions are automatically continuous.

® Thus, Sobolev spaces bridge pure and applied analysis, connecting
geometry, energy, and weak solutions.




Sobolev Spaces

Definition 7 (Convergence)
Let {u,,}°_,,u € WHEP(Q). We say that u,, converges to u in W*P(Q), written

m=1>

U, — u i WFP(Q)

if
mliinoo l|wm — un”W’W(Q) =0
We write
U, — 0N VVZIZf’(Q)
to mean

U — u in WFEP(V)

foreachV cc Q
Here V' cc Q denotes that V' is compactly contained in 2




Sobolev Spaces

Definition 8 (Closure)
We denote by W7 (1) the closure of D in Wk»(()
It claims that u € Wé“’(Q) if and only if there exists function u,, € D(2) such

that u,, — u. We interpret Wé“’p(Q) as comprising those function u € W7 ()
such that

D% =0 on 0QV]ja|<k—-1

Remarks
* Hf(Q) =Wy”(Q)
e If n = 1and Qis an open interval in R, then « € W1?(Q) if and only if u

equals a.e. an absolutely continuous function whose derivative (which
exists a.e.) belongs to LP(Q).

® |n general, a function can belong to a Sobolev space, and yet be
discontinuous and/or unbounded.



Sobolev Spaces

Example 7
Let Q = BY(0,1), the open unit ball in R” and

u(x) = |x|7% xe€eQx#0

For which values of a > 0,n,p does u € WP()?
Note that u is smooth away from 0.

and

Let ¢ € D and fixe > 0.




Sobolev Spaces

/ UPg,dx = — / Ug, pdx + / upr'dS

Q—DB(0,¢) Q—DB(0,¢) 0B(0,¢)

Then

Now, if a + 1 < n, |Du(x)| € L*(€). In this case,

/ upr'dS| < ||¢|| g / e YPpridS < Ce"ITY 5 0
B(0,¢) 0B(0,¢)

Hence
/ugf)midx = —/uwiqbdx Vo e D(Q2),0<a<n-—1
Q Q




Sobolev Spaces

Further,
(6% . .
|D%u(x)| = |X“a|+1 e LP(Q) ifandonlyif (a+1)p<n
Therefore,
we W?(Q) ifandonlyif o< 2
p
In particular,

wg WHP(Q) foreach p>n




Sobolev Spaces

Example 8
Let 7,22, be a countable dense subset of Q& = BY(0,1). Write

— 1
Z—kx—rk| * T e
k=1

Then

uwe WhH(Q) ifandonlyif o< %

If 0 < a < ™2, we can observe that u € W!?(Q) and yet is unbounded on
each open suﬁset of Q.




Sobolev Spaces

Theorem 9 (Properties of Weak Derivatives)
Assume u,v € WFP(Q),|a| < k. Then

1. Ve, B8 with |a| + |8] < k,
D% € WFlelbr(Q) and DP(D%u) = D*(DPu),
2. Foreach \,u € R,
M+ po € WRP(Q), and D¥(\u + pv) = AD%u + puD%, |a| < k

3. If V is an open set of , then u € Wk (V)
4. If ¢ € D, then (u € W*P(Q) and

D(Cu) =Y <g) DP¢D*Fy

B<a




Sobolev Spaces

Theorem 10 (Sobolev Spaces as function spaces)
Foreachk =1,2,---,and 1 < p < oo, the Sobolev space W*»(Q) is a Banach
space.

Theorem 11 (Trace Theorem)
Assume  is bounded and 99 is C*. Then there exists a bounded linear oper-
ator
T:WhP(Q) — LP(99)
such that
1. Tu= u|aQ isu € Wl’p(Q) N C(ﬁ)
2.
[Tul|r (092) < Cllullwre )

for each u € W»(Q) with constant C depending only on p and €.
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