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Classification of PDEs



PDE

Definition 1 (PDE-Formal Definition)
Let Q c R",m € Nand

F:OxRP xR™ x R"P x ... x R*"P s RY
A system of partial differential equations of order m is defined by the equation
F(x,u,Du,D*u,--- ,D"™u) =0 (1)

Here, some m!" order derivative of the function u appears in the system of
equations.




Classifications - Recap

1. Number of PDEs - System/Single
2. Higher Order derivative - Order

3. Linear/Nonlinear Lu = f, > an(x)Du = f(x)

] <m

4. Quasilinear Z ao(x,u, Du, - -- D™ u) D% + ag(x,u, Du, - -- D™ tu) =0

|al=m

5. Semilinear Z o (X)D%u + ag(x,u, Du, - -- D™ tu) = 0
|a]=m

6. Almost linear

7. Fully nonlinear > aq(x)Du + f(x,u) =0

|| <m

8. Homogeneous/non-homogeneous D(u) = f(x)




First-order PDEs in Two Variables

The general first-order PDEs in two variables can be written in the form
F(x,y,u,ug,uy) =0
A first-order linear PDE is of the form
a(z, y)uz +b(x, y)uy = c(z,y)u+ f(,y)
A first-order semilinear PDE is of the form
a(@,y)ug + b(z, y)uy = c(z,y,u)
A first-order quasilinear PDE is of the form

a(z,y, u)uy + b(z,y, u)uy = c(z,y,u)




Second-order PDEs in Two Variables

The general second-order PDEs in two variables can be written in the form
F(l'a Y, Uy Uz Uyyy Uz, Uy, Uyy) =0

A second-order linear PDE is of the form

al(IB, y)uzm + ag(fﬂ, y)ury + a3($7 y)“yy + CL4($, y)um + a5Uy + aﬁ(x7 y)u = f($7 y)

A second-order semilinear PDE is of the form

al (.’L’, y)udﬂf + QQ(xJ y)uaﬁy + a3(x7 y)uyy = f(xu y7 "LL, ux: uy)

A second-order quasilinear PDE is of the form

ai (SU, Y, U, Uy, uy)uxx+a2 (LU, Y, u, Uy, uy)u:(:y—’_a?)(xa Y, U, Uy, uy)uyy = f(xa Y, U, Uy, uy)



Classification

Remarks 1
A few authors classify

® only linear PDE as homogeneous and nonhomogeneous
® nonlinear PDE as semilinear and non-semilinear
® non-semilinear PDE as quasilinear and non-quasilinear/fully nonlinear

Remarks 2
One can prove that

Linaer PDE C Semilinear PDE C Quasilinear PDE C PDE

(Prove that the inclusion is strict!)




Exercise

Exercise 1: Hard

Create a table as in the last lecture and fill in the tick marks accordingly.

Uggr — 4U:v:vyy + Uyyzz = 0
uiutt —05u=1-—u2
Utplgpe — Uzl = T2 + 12
et — Uy Upsy + u? =0

t t

2cos(xt)uy — ve'uy, —9u = e'sinx

wuy + utug +u = e®
V1 + 229205, — coS(2y? Y Ugay + €V Uy — (522 — 22y + 3y2)u = 0

No gk w2




Classification of
Second-Order
Semilinear PDEs



Classification of Second-Order Semilinear PDEs

NNNNN

The most general case of second-order Semilinear PDEs in two independent
variables is given by

Augy + Bugy + Cuyy + Dug + Euy + Fu=H (6)

where the coefficients A, B and C are functions of 2 and y and do not vanish
simultaneously (why?). Assume that u € C2(Q). The above equation can also
be rewritten as

A@, y)tze + B(@,y)tay + Oz, y)uyy = (2, Y, u, Uz, uy) 7)

This equation is somehow similar to a conic section. Therefore, the
classification is similar to it.



Classification of Second-Order Semilinear PDEs

Depending on the discriminant B2 — 4AC, they are classified as hyperbolic,
elliptic, and parabolic PDEs. They physically represent propagation, steady
state or equilibrium process, or diffusion process.
® Hyperbolic:
o The transport of some physical quantity, such as fluids or waves
o B2 —4AC >0
® Parabolic:
o Describes evolutionary phenomena that lead to a steady state
o B2 —4AC =0
® Elliptic:
o Special state of a system. Related to the minimum of the energy.
o B2 —4AC <0




Classification of Second-Order Semilinear PDEs

Note that a given PDE may be one type at a specific point, but another type at
some other point. Consider the following Tricomi equation

Uz + TUyy = 0 (8)

Then B=0,A =1,C = z. Hence B? — 4AC = —4x

® Hyperbolic:

o B2 —4AC >0 = <0
e Parabolic:

o B2 4AC =0 = z=0
e Elliptic:

o B2 4AC <0 = >0



Classification of Second-Order Semilinear PDEs

Definition 2 (Hyperbolic/Elliptic/Parabolic)
A PDE is said to be hyperbolic or elliptic, or parabolic in a region Q if the PDE is
hyperbolic or elliptic or parabolic at each point in

Examples 1
Classify the following PDEs as elliptic or hyperbolic, or parabolic

® uy — gy =0

® Uy — Uz =0

® Uy + Uy =0

® (1 — M2)ugy +uy, =0
® ..+ w2uyy =30

® Upy — TUyy =0




Classification of
Second-Order Linear
PDEs: n-Variables
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Classification of Second-Order Linear PDEs:
n-Variables

Consider the general second-order Linear PDEs in n > 1 independent

variables.
- ou
Zzama D b +eutd=0 (©)
i=1 j=1 v
where a;;, b;, ¢, d are functions of x = (z1, x2, - ,z,) € R,
u=u(xy,z2, -+ ,xy,). It can also be rewritten as,
ail a2 Tt A1n uwl uwl
azi a2 e a2n u u
I:uwl Ugy e uaCn] 2 + [bl b2 Tt bn] . xz +Cu+d =0
umn 'Ll,mn

ap1  Ap2 - Gpn



Classification of Second-Order Linear PDEs:
n-Variables

Let
air a2 - Qin Uy,
a1 a2 s A2 U
A= Vu= | " b7 =[b b b
apl Aap2 - Apn Ugy,

Then (9) can be written as

(Vu)TA(Vu) +b'Vu +cu+d =0 (10)

Assume that A is symmetric. If not, we can always find a symmetric matrix H
such that it can be rewritten as

(Vu)TH(Vu) + b"Vu+ cu+d=0 (17)



Classification of Second-Order Linear PDEs:
n-Variables

Consider the transformation
§=0Qx

where @ is an arbitrary n x n matrix. Now,

n
§= Z qijTj
i1

0 = 0 04
or; ; &, Ox;
9? —~  0* 94 04

8xi8xj N Pyt 85]49& 8.%‘2 (91']'




Classification of Second-Order Linear PDEs:
n-Variables

Therefore, equation (9) can be written as
Zn: (Z qkja”qzj) 8?285 + lowe-order terms = 0
ki=1 \i,j=1
The coefficient matrix of the terms 65 ag is given by QT AQ. That is,
(grjaijqij) = QT AQ (13)

Since A is a real symmetric matrix, there exists an orthogonal matrix P such
that

PTAP = A

where A is a diagonal matrix with elements as eigenvalues of A.



Classification of Second-Order Linear PDEs:
n-Variables

Choose @ as an orthogonal matrix such that

A1

A
QTAQ=A = L ,

An

Since A is a real symmetric matrix, \;'s are always real.
® Elliptic: If \; # 0, Vi and sign(\;) = sign(A\1),V i # 1
® Hyperbolic: If \; # 0, Vi, sign()\;) = sign(\2),V ¢ # 1,2 and
sign(A2) # sign(A)
® Parabolic: If 3i such that \; =0




Classification of Second-Order Linear PDEs:
n-Variables

e Elliptic: All eigenvalues are non-zero and have the same sign (all positive
or all negative)

e Hyperbolic: All eigenvalues are non-zero, and exactly one eigenvalue has
a different sign from the others

® Parabolic: Any of the eigenvalues is zero

Can we extend this to semilinear PDEs also?



Classification of Second-Order Linear PDEs:
n-Variables

Example 2
Classify the three-dimensional Laplace equation

Ugy + Uyy + Uz =0 (15)

] (16)

A is already diagonal. Also, eigenvalues of A are 1. \; # 0 and all eigenvalues
are positive. Therefore, the Laplace equation is elliptic.

The coefficient matrix is given by

A:

S O =
o~ O
= O O




Classification of Second-Order Linear PDEs:
n-Variables

Example 3
Classify the two-dimensional Wave equation

ugt — ¢ (Ugg + V) — O (17)

The coefficient matrix is given by

A:

1 0 0
0 - 0 (18)
0 0 —c

A is already diagonal. Also, eigenvalues of A are 1, —c? and —c%. \; # 0 and all

eigenvalues are negative except one. Therefore, the wave equation is a hyper-
bolic PDE.




Classification of Second-Order Linear PDEs:
n-Variables

Example 4
Classify the two-dimensional Heat equation

up — A (Uge + Vi) = (U (19)

The coefficient matrix is given by

A:

0 0 0
0 - 0 (20)
0 0 -

A is already diagonal. Also, eigenvalues of A are 0, —c? and —c?. One eigen-
value is 0. Therefore, it is a parabolic PDE.




Classification of Second-Order Linear PDEs:
n-Variables

Exercise 2: Verify

Verify all 2-variables cases discussed in this lecture with a 2 x 2 matrix,
with this matrix concept of classification.
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