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Blood Flow Dynamics



What Is a Stenosis?

A stenosis is a local narrowing of the lumen, usually caused by an atherosclerotic
plague (fat, cholesterol, calcium, fibrous tissue) growing into the vessel wall.
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What Is a Stenosis?

A stenosis is a local narrowing of the lumen, usually caused by an atherosclerotic
plaque (fat, cholesterol, calcium, fibrous tissue) growing into the vessel wall.

Normal artery Artery with atherosclerotic plaque
(Open lumen) (Stenosis)

Atherosclerotic plague components

Fat (lipids)
(cholesterol, lipid-ich core)

#~. 7 Cholesterol
(cholesterol crystals)
}| (stenosis) o

““® . Cal
.,;}4“53" (calcification)

~ Fibrous tissue
" (collagen, smooth muscle cells)

Atherosclerotic |
plaque 72

ue to atherosclerotic plaque
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What Is a Stenosis?

1. Normal artery

2. Plaque formation
(Atherosclerosis starts)

3. Stenosis (Narrowing)
(Reduced blood flow)

4. Plaque rupture and clot
(Sudden blockage)

(Open lumen, normal blood flow)

Atherosclerotic plaque
(fat, cholesterol, calcium,
fibrous tissue)

Healthy artery wall

g The artery becomes narrowed If the plaque ruptures, a blood clot
Blood flows freely to the heart muscle Plague builds up in the artery wall (stenosis), reducing blood flow can form and suddenly block the artery,
and other organs. over years. to the heart muscle. completely stopping blood flow.
What can happen?
No or mild symptoms Reduced blood flow Severe narrowing Heart attack (Myocardial infarction)
(early stage) (during activity)

« Ifthe artery becomes

* Less blood reaches the completely blocked by a clot,

oo ecle capackly > the heart muscle does not
uring execiseorstess. 4 get enough blood and oxygen.
 Can cause chest pain
e ¥ « This can cause a heart attack
andfatigue. « Significant reduction in (oS Salinfarctih
+ Mild narrowing often Hoadsiply Biieteay  Itis amedical emergency
has no symptoms. + Symptoms may oceur even and can be lfethreatening.
+ Detected during R

routine check-ups.

Other possible consequences (depending on which artery is affected)

Coronary arteries Carotid arteries | Legarteries p Renal arteries
(heart) (neck) U1 Painwhile walking (kidneys)
+ Chest pain (angina) « Stroke + Poor wound healing A « Difficutto-controlhigh blood pressre

+ Heartattack « Transient ischemic attack (TIA) + I severe cases, tissue damage « Impaired kidney function
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What Is a Stenosis?

e A stenosis is a local narrowing of the lumen, usually caused by an
atherosclerotic plaque (fat, cholesterol, calcium, fibrous tissue) growing into the
vessel wall.
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What Is a Stenosis?

e A stenosis is a local narrowing of the lumen, usually caused by an

atherosclerotic plaque (fat, cholesterol, calcium, fibrous tissue) growing into the
vessel wall.

e Severity is reported through the minimum lumen diameter d and the healthy
reference diameter D:

% diameter = (1 — %) x 100, % area = (1 - g—z) x 100

4/1M



What Is a Stenosis?

e A stenosis is a local narrowing of the lumen, usually caused by an

atherosclerotic plaque (fat, cholesterol, calcium, fibrous tissue) growing into the
vessel wall.

e Severity is reported through the minimum lumen diameter d and the healthy
reference diameter D:

2

% diameter = (1 — %) x 100, % area = (1 &

=3 > 100

% diameter % area Throat velocity Resistance

30% 51% X2 x4
50% 75% x4 x16
70% 91% x11 x123

90% 99% %100 x10%
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Stenosis Geometry: What We Must Describe

converging diverging
throat

A common idealised (axisymmetric, cosine) profile with peak plaque height
0=(D—-d)/2:

D_ é(l +cos27r—x), |x| < L/2,

D

2 )
Other shape descriptors: eccentricity (off-axis plaque), entry and exit angles, lesions
in series.

otherwise.
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The Modelling Route for Today

# Keyword Dym's question Blood flow

1 Why? What are we looking for? Which stenoses matter

2 Find? What do we want to know? u, p, p and FFR

3 Given? What do we know? Physiology, data, laws

4  Assume? What can we assume? Assumption ledger A1-A10

5 How? How should we look at this model? Moving parcel — Navier—Stokes
6 Predict? What will our model predict? Regimes, jet, resistance

7 Valid? Are the predictions valid? Units, limits, ledger check

8 Verified? Are the predictions good? Benchmarks, patient data

9 Improve? Can we improve the model? Lift assumptions one at a time
10 Use? How will we exercise the model?  Diagnosis, surgery, devices
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Principle 1 — Why?
What are we looking
1{o]



Why Simulate Blood Flow

e Cardiovascular disease is the leading cause of death worldwide,
accounting for approximately 17.9 million deaths per year (WHO, 2023).

¢ A central challenge in cardiology is identifying which arterial narrowings
— stenoses — are haemodynamically significant enough to cause
ischaemia and require intervention such as stenting or bypass surgery.
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Why Simulate Blood Flow

e Cardiovascular disease is the leading cause of death worldwide,
accounting for approximately 17.9 million deaths per year (WHO, 2023).

¢ A central challenge in cardiology is identifying which arterial narrowings
— stenoses — are haemodynamically significant enough to cause
ischaemia and require intervention such as stenting or bypass surgery.

The modelling question. Given the geometry of an artery with a steno-
sis, is the narrowing severe enough to starve the tissue downstream of
blood?
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Why Simulate Blood Flow

BLOOD FLOW FLUID DYNAMICS

The flui

VELOCITY PROFILE

WALL SHEAR STRESS (V

Figure 1: Blood Flow Fluid Dynamics
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Principle 2 — Find?
What do we want to
know?



What we want to compute:

u(x,t)

Velocity field — how fast and in which direction blood moves

p(x,t)
Pressure field — the driving force; FFR comes from this

p(z,t)
Density field — mass per unit volume; captures compressibility and vari-
ation in blood properties
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From Fields to a Clinical Number

e The fields u, p, p are what the model computes.
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From Fields to a Clinical Number

e The fields u, p, p are what the model computes.
e The cardiologist needs one number: the fractional flow reserve

FFR = 2d (measured under maximal flow)
Pa
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From Fields to a Clinical Number

e The fields u, p, p are what the model computes.
¢ The cardiologist needs one number: the fractional flow reserve

FFR = 2d (measured under maximal flow)
Pa

e FFR < 0.80 is the usual threshold for a significant stenosis.
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From Fields to a Clinical Number

e The fields u, p, p are what the model computes.
¢ The cardiologist needs one number: the fractional flow reserve

FFR = 2d (measured under maximal flow)
Pa

e FFR < 0.80 is the usual threshold for a significant stenosis.

¢ A second output, the wall shear stress 7, = pdu/on \W is used for
plaque and aneurysm risk.

all’

[ Find: u(x, t) and p(x, t) in the artery, and from them FFR and 7.
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From Fields to a Clinical Number

otd pstream pressure
(P : upstream pressure) (Iean aortic pressure)
Guide catheter F
Guiding catheter N /| tipin aorta
(from wrist or groin)

(near the coronary
opening)

Blood flow
towards heart muscle
Pressure wire
\  (going through
\\ the stenosis)

v Pressure wire
Atherosclerotic plaque with pressure sensor
(stenosis) (2-3 cm beyond stenosis)

Pressure measurements (mean over a few heartbeats)
P, : Upstream pressure (mean aortic pressure)

P, (aortic)
150 e
- 0 BSOS NS Mean P,
Pg: Distal pressure (mean distal pressure) Pressure 5

. . v (mmig) Py (distal)

« Measured just upstream of the lesion.  Measured downstream of the lesion. 133 Mean P
« In the aorta at the opening of the coronary artery. * Inthe coronary artery beyond the narrowing. 5 [} :
o Read from the tip of the guiding catheter. * Read by a thin pressure wire, usually 2-3 cm past the stenosis. [

2 3 4
Time (seconds)
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From Fields to a Clinical Number

a Measurement setup e Pressure across a i

iding catheter tip Paortic (Pa)
(at aortic opening of Mean aortic pressure Pdistal (Pq)
coronary artery) (upstream pressure) Mean distal pressure
(downstream pressure)

Coronary

artery
Blood flow
towards heart muscle

Atherosclerotic plaque Pressure wire with

9 pressure sensor
A\ (stenosis) (2-3 cm beyond stenosis)
e Why measure under maximal flow (adenosine)? o Fractional Flow Reserve (FFR) e Pressure waveforms and FFR
= R, 3 FFRis the ratio of the distal to aortic mean pressures Aortic pressure (P,)
* Adenosine is given to induce measured during maximal hyperaemia (maximal flow). 150 MeanP,
maximal hyperaemia. Pressure 100 { /- FNFNA- L
v Pdistal (mmHg) 50
o It reduces the resistance of the FFR = Ldistal (measured under O o T o
downstream microvessels to its Doortie maximal flow) Time (seconds)
lowest, roughly constant value. Di
¢ - More completely, subtracting the venous pressure P,: 150 sl s sene )
« Under this condition, the coronary pressure 100 /ASNAAAA- Mean Py
flow is proportional to the pressure Jet, =12 Py (mmHg) 50
driving it across the stenosis. MRS e=—=" & == Rya0 0

P,—P, P, Eg

I
Time (seconds)

Interpreting FFR (example values)
P

FFR = 1.0 FFR~0.8-0.9 FER <07

Normal artery ) Moderate stenosis 2‘;‘:;‘::‘“7 significant
(no significant stenosis) Some pressure drop. Large pressure drop.
Distal pressure nearly Usually not functionally Likely to reduce blood flow
equals aortic pressure. significant. 1o the heart muscle.
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From Fields to a Clinical Number

o Concept: FFR as a flow ratio o Pressure measurement in a coronary artery

Paortic (Pa) Paistal (Pa)

max flow with stenosis

FFR ~ = Y| Mean aortic pressure Mean distal
pressre
max flow if healthy nstream pressure) (downstream pressure)

« FFRestimates flow, not just pressure.
Measured under maximal hyperaeia (e.g, adenosine).
An FFR of 0.75 means the lesion allows \
only 75% of the flow the heart muscle could get. S\, Blood flow
FFR < 0.80 is usually considered S\ towards heart muscle /
functionally significant and treated.

Afew diameters
Atherosclerotic plague beyond the stenosis
(stenosis) (9, 2-3cm)
o Why measure under maximal flow? o Definition of FFR e Interpreting FFR
- i n FFR value Interpretation
« Adenosine induces maximal -
. FFR = Pdistal  (measured under Normal a
yperaemia = maximlfiow) =10 {rosnicanstenoss)
« Itreduces the resistance of the Paortic o i sl o ety
p to moderate stenosi
sl e U ——— e 080-0.90 gl not functional signiicant
. roughly Inclu mgvenm:p-essu: i ogy | Coctonal sonifcwt saress
« Under this condition, flow is a—Py _ Pa Ch s Reduced flow toheart muscle
proportional o the pressure FER S e i puc s Lol Nl ot for st
driving it across the stenosis. 075 (example) et 2000 o et

6 Example from CFD / CT-FFR simulation Computed FFR (CT-FFR)

Pa = 100 mmHg

Velocity magnitude Pressure distribution Pressure Pa = 75 mmHg
— (ws) _— (mmtig) o™
120 =P _ DB
E FFR = 5 = 355 = (078

0
8 * FFR = 0.75 means \h: \esmn allows
‘only 75% of the maxi
60 * This is below the 0. BD mveshuld
“ for reatment,
« Thisi exactly how CT-FFR software

Inlet (aortic side)
P, - upstream pressure

mstream Py
Py distal pressure (ighipressure) )
(afew diameters beyond) Justbefore and after the narrowing.

15/1Mm



Principle 3 — Given?
What do we know?



How Blood Flows?

Assume that you are an Ant-Man.

Blood Flow 1
Blood Flow 2
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https://www.youtube.com/shorts/8n_DeE0DBXA
https://www.youtube.com/shorts/MgDG7azyRTY

How Blood Flows?

Imagine you are standing inside a human artery, roughly the size of a garden
hose, watching blood rush past at nearly a metre per second.

18/1m



How Blood Flows?

¢ Red blood cells surge past me like spinning discs—millions of
them—tumbling, colliding, drifting in organized chaos.
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How Blood Flows?

¢ Red blood cells surge past me like spinning discs—millions of
them—tumbling, colliding, drifting in organized chaos.

¢ Do they flow quietly?
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How Blood Flows?

¢ Red blood cells surge past me like spinning discs—millions of
them—tumbling, colliding, drifting in organized chaos.

¢ Do they flow quietly?
¢ No, they rush, a living river moving at nearly a metre per second.
e Brace yourself as the current threatens to pull me along.
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How Blood Flows?

e What is your blood pressure?
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How Blood Flows?

e What is your blood pressure?
e How does the doctor measure it?
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How Blood Flows?

e What is your blood pressure?
e How does the doctor measure it?
e 120/80 mmHg, what is 120 and what is 80?
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How Blood Flows?

e What is your blood pressure?

e How does the doctor measure it?

e 120/80 mmHg, what is 120 and what is 80?
e What is Systolic and What is Diastolic?

20/1m



How Blood Flows?

e What is your blood pressure?

e How does the doctor measure it?

e 120/80 mmHg, what is 120 and what is 807?
e What is Systolic and What is Diastolic?

¢ 120 - Systolic (maximum force against artery walls when the heart beats)
measures the pressure when the heart contracts and pushes blood out

e 80 - Diastolic (pressure in the arteries while the heart rests between
beats) measures the pressure when the heart relaxes and refills with
blood

20/1M



How Blood Flows?

SYSTOLE (HEART CONTRACTS)
PRESSURE WAVE PROPAGATES

Pressure
Wave

DIASTOLE (HEART RELAXES)
WALL RECOILS

WALL RECOIL

WALL EXPANSION
Elastic
Artery Wall

—— Blood Flow

ARTERY DIA

PRESSURE
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How Blood Flows?

Let another pulse hit. What happens now?

22/Mm



How Blood Flows?

Let another pulse hit. What happens now?
e The entire artery wall expands outward, then recoils.
e |t's not rigid—it breathes.

¢ You can feel the pressure wave from the heartbeat traveling through the
fluid and the elastic walls, like standing inside a rhythmic, biological
engine.

22/Mm



How Blood Flows?

What is happening now?
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How Blood Flows?

What is happening now?
¢ The wide passage suddenly tightens
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How Blood Flows?

What is happening now?
¢ The wide passage suddenly tightens
¢ A fatty deposit has narrowed the artery, cutting the channel almost in half
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How Blood Flows?
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e As you move closer, the flow transforms
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How Blood Flows?

What is happening now?
¢ The wide passage suddenly tightens
¢ A fatty deposit has narrowed the artery, cutting the channel almost in half
e As you move closer, the flow transforms

¢ The blood accelerates sharply, squeezing through the constriction like a
river forced through a canyon.
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How Blood Flows?

What is happening now?
¢ The wide passage suddenly tightens
¢ A fatty deposit has narrowed the artery, cutting the channel almost in half

e As you move closer, the flow transforms

¢ The blood accelerates sharply, squeezing through the constriction like a
river forced through a canyon.

e The smooth motion breaks, eddies begin to form, and subtle instabilities
creep into the stream.

23/MM



Blood Physical Properties

p=1060kg/m?, 1 =35x10"3Pas, v=pu/p=33x10"%m?/s
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Given: What the Ant-Man Has Told Us

Observations

e Flow is pulsatile: 120 mmHg (=~ 16 kPa) in systole, 80 mmHg in diastole

Pressure falls from ~120 mmHg at the aortic root to ~10 mmHg in capillaries

Walls are elastic; they expand and recoil with every beat

e A stenosis narrows the lumen; flow accelerates and eddies form behind it

Blood is a suspension of red cells in plasma

25/



Given: What the Ant-Man Has Told Us

Observations

e Flow is pulsatile: 120 mmHg (=~ 16 kPa) in systole, 80 mmHg in diastole

Pressure falls from ~120 mmHg at the aortic root to ~10 mmHg in capillaries

Walls are elastic; they expand and recoil with every beat

e A stenosis narrows the lumen; flow accelerates and eddies form behind it

Blood is a suspension of red cells in plasma

Data: p, 1, v as above
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Given: What the Ant-Man Has Told Us

Observations

e Flow is pulsatile: 120 mmHg (=~ 16 kPa) in systole, 80 mmHg in diastole

Pressure falls from ~120 mmHg at the aortic root to ~10 mmHg in capillaries

Walls are elastic; they expand and recoil with every beat

e A stenosis narrows the lumen; flow accelerates and eddies form behind it

Blood is a suspension of red cells in plasma

Data: p, 1, v as above
Laws we trust

e Newton's second law: F' = ma

e Conservation of mass

25/



Principle 4 — Assume?
What can we assume?



Every Observation: Keep It or Drop It

¢ Principle 3 handed us a messy picture: tumbling cells, breathing walls,
eddies.
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Every Observation: Keep It or Drop It

¢ Principle 3 handed us a messy picture: tumbling cells, breathing walls,
eddies.

e We cannot carry all of it into the first model.
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Every Observation: Keep It or Drop It

¢ Principle 3 handed us a messy picture: tumbling cells, breathing walls,
eddies.

e We cannot carry all of it into the first model.

e Each item is either kept or deliberately dropped, and the dropping is
written down.
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Every Observation: Keep It or Drop It

¢ Principle 3 handed us a messy picture: tumbling cells, breathing walls,
eddies.

e We cannot carry all of it into the first model.

e Each item is either kept or deliberately dropped, and the dropping is
written down.

An unstated assumption costs more than an arithmetic error.
Every assumption must be liftable on its own.
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How Blood Flows?

e Let us assume ourselves as an imaginary cube in place of Ant-Man now,
for simplification.
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density
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How Blood Flows?

e Let us assume ourselves as an imaginary cube in place of Ant-Man now,
for simplification.

¢ This small cube carries all the properties such as velocity, pressure, and
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e They are uniform across this cube.
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How Blood Flows?

e Let us assume ourselves as an imaginary cube in place of Ant-Man now,
for simplification.

¢ This small cube carries all the properties such as velocity, pressure, and
density

e They are uniform across this cube.

e We will follow this parcel as it travels through the artery: squeezing
through the stenosis, spinning in the recirculation zone, scraping along
the vessel wall

28/1M



How Blood Flows?

THE PROTAGONIST:
THE FLUID PARCEL

Every great story has a protagonist.
In fluid mechanics, ours s a fluid parcel'—
an imaginary tiny
that every property (velocity, pressure, e R
FLUID PARCEL
rm across it
be |

An imaginary tiny cut
h

/1 of blood, small enou

[

PROPERTIES ARE UNIFORM WITHIN THE PARCEL

Pressure (p) Density (p)

Same vel

at every point at every point

SYMBOLS & MEANING

Velocity vector of the parcel

may change from one location to
another in the flow, but remain uniform
ithin the parc ant,

29/



Assumption Ledger (1/2)

No.

Assumption

What we drop

Al

A2
A3

A4
A5

Continuum: the tiny cube carries
uniform u, p, p

Single-phase, homogeneous fluid

Newtonian: 7 = podu/dy, p con-
stant

Incompressible: p constant
Rigid wall

Individual molecules and cells

Red cells as separate particles
Shear-thinning of blood

Density variation
The breathing wall we just felt
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Assumption Ledger (2/2)

No. Assumption What we drop

A6 No-slip: blood at the wall is at rest Slip at the endothelium

A7 Laminar flow Turbulence

A8 Body forces negligible, f ~ 0 Gravity, posture

A9 Isothermal Temperature dependence of y, p

A10 Derivation in 1D: wu(z,t) along z, Full 3D geometry during the derivation

shear across y; generalised to 3D at
the end

31/1M



Assumption Ledger (2/2)

No. Assumption What we drop

A6 No-slip: blood at the wall is at rest Slip at the endothelium

A7 Laminar flow Turbulence

A8 Body forces negligible, f ~ 0 Gravity, posture

A9 Isothermal Temperature dependence of y, p

A10 Derivation in 1D: wu(z,t) along z, Full 3D geometry during the derivation
shear across y; generalised to 3D at
the end

A5 contradicts what we observed in Principle 3. That is allowed — as long as we say so,
and come back to it in Principle 9.
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A3: Is Blood Newtonian?

NEWTONIAN FLUID vs NON-NEWTONIAN FLUID

NEWTONIAN FLUID NON-NEWTONIAN FLUID

Viscosity is constant
independent of shear rate.

Slope =

Shear stress, 7

(constant)

Shear rate,

{ Newton's law of viscosity:

Gt

where u = constant

Examples: Water, Air, Glycerin, many simple oils

Viscosity is not constant
it depends on shear rate and/or time.
Shear-thinning

. (4 decreases)
U=Upx 6

8 Newtonian

£ = constant)

§ .

2 Shear-thickening

2 (u increases)
u=0

Shear rate, y

Generalized relation:

t=n(y) ¥

Examples: Blood, Paints, Ketchup, Toothpaste, Polymer solutions

where 1 depends
on shear rate 7

NEWTONIAN vs NON-NE'

Newtonian Fluid

ONIAN FLUID - AT A GLANCE

Non-Newtonian Fluid

f(x)  Constitutive Equation

Flow Behavior

Predictable and uniform

=4 ¥ (u=constan)

Feature
O Viscosity (1) Constant. Variable
: K (independent of shear rate and time) (depends on shear rate and/or time)
g Linear Non-tinear
M Shear Stress—Shear Rate Relationship o et e

T=pu(y) ¥ (u=variable)

Complex (shear-thinning, shear-thickening,
yield stress, thixotropy, etc.)

& Examples

Water, Air, Glycerin, Many oils

Blood, Paints, Ketchup, Yogurt,
Toothpaste, Slurries, Polymer solutions

%, Typical Occurrence

{@} Modeling in Navier-Stokes

Simple molecular fluids

use uV2u

s with particles, polymers,
or microstructure

Use V- [1(7) (Vu + VuT))

Complex f
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Principle 5 — How?
How should we look at
this model?



How We Will Look at It

e Follow one fluid parcel (A1) and apply Newton’s second law to it.

Identify every force on the parcel: pressure, viscous, body.

Add conservation of mass.

Close the system with initial and boundary conditions.

Rewrite in dimensionless form to see which ratios control the flow.
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Newton’'s Second Law

35/1M



Newton’'s Second Law

e [ Force
® /m: mass
e ¢: Acceleration

35/1M



How Blood Flows?

e What is our velocity field?
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e What is our velocity field? u(z,t)
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How Blood Flows?

e What is our velocity field? u(z,t)
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How Blood Flows?

e What is our velocity field? u(z,t)
e Then what is our acceleration? u, or u; or both?
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How Blood Flows?

e What is our velocity field? u(z,t)

e Then what is our acceleration? u, or u; or both?

e Let's assume the fluid parcel stays at the same location
Therefore,
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How Blood Flows?

e What is mass?
m=pdV
where p denotes the density of the fluid and dV is the tiny volume of the
imaginary cube.
e Also, let us calculate the Force per unit volume, then
Therefore,

ou F ou
F— ov . & _ %t
pdV o a ot

37/1M



How Blood Flows?

e Are we sitting at a fixed point?
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How Blood Flows?

e Are we sitting at a fixed point?
e No. We are moving with the fluid.
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How Blood Flows?

Are we sitting at a fixed point?
e No. We are moving with the fluid.
In small time dt, the particle moves:

dr =udt = d—x:u
dt

How does velocity change at a point?

u=u(z(t),t)

How does velocity change along the path of the particle?

38/1M



How Blood Flows?

Are we sitting at a fixed point?
e No. We are moving with the fluid.
In small time dt, the particle moves:

dr =udt = d—x:u
dt

How does velocity change at a point?

u=u(z(t),t)

How does velocity change along the path of the particle? Using the chain
rule

du(e(t).t) _Du  dwdu _du  ou

i ot dtor ot "ox

38/1M



How Blood Flows?

du(z(t),t) _ @+ Ou
a ot "oz
Flow itself changes with time 2%

e You are moving into a new region where the velocity is different. Your
speed u

Spatial gradient 2%

. - . _ a
Rate of change due to motion = speed x spatial change = v

39/



How Blood Flows?




How Blood Flows?

F ou ou

av —\ot " ox

e Where does the force come from?
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How Blood Flows?

F ou ou

av —\ot " ox

e Where does the force come from?

e For a fluid parcel, forces don't come from inside—they act on the surface

40/1M



Heart’s Gift: Pressure Forces

e The heart creates high pressure at the aortic root (~120 mmHg) and
lower pressure in the capillaries (~10 mmHg).
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Heart’s Gift: Pressure Forces

e The heart creates high pressure at the aortic root (~120 mmHg) and
lower pressure in the capillaries (~10 mmHg).

¢ This pressure difference pushes blood from high to low, just as water
flows downhill.
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Heart’s Gift: Pressure Forces

e The heart creates high pressure at the aortic root (~120 mmHg) and
lower pressure in the capillaries (~10 mmHg).

¢ This pressure difference pushes blood from high to low, just as water
flows downhill.

e On our tiny cube, pressure acts on all six faces.

e The net force is the difference between opposite faces — NOT the
pressure itself, but its GRADIENT.
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Heart’s Gift: Pressure Forces

For a fluid parcel, forces don’t come from inside—
they act on the surface.

Imagine your tiny cube:

dz

Pressure at x
p(x)

Left face: S Right face:
pressure pushes pressure pushes
right — left

_@_ Pressure acts on the surfaces, and the imbalance of these
g~ surface forces produces a net force on the fluid parcel.

42/



Heart’s Gift: Pressure Forces

At position z
e | eft Face Force
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Heart’s Gift: Pressure Forces

At position z
e |eft Face Force p(z)A
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Heart’s Gift: Pressure Forces

At position z
e |eft Face Force p(z)A
¢ Right Face Force
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Heart’s Gift: Pressure Forces

At position z
e |eft Face Force p(z)A
¢ Right Face Force p(x + dxz)A
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Heart’s Gift: Pressure Forces

At position z
e |eft Face Force p(z)A
¢ Right Face Force p(x + dxz)A

* Net Force
F =p(x)A —p(x +dx)A

e As per Taylor Series expansion

Ip
da) ~ 2y
(o + da) ~ pla) + L
Fe-Page — r=-Pay

ox ox
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Heart’s Gift: Pressure Forces

£ (ou | ou
av P\ o T Yor
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Heart’s Gift: Pressure Forces

Ou Ou)_ _0p
P\at T x ) T oz

e Standing inside the artery, | feel pushes from all sides.
e But they are not equal.

e The pressure behind me is slightly higher than the pressure ahead, and
that tiny imbalance is enough to accelerate the flow.

[ Flow moves from high pressure to low pressure
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Blood’s Resistance to Shear

e Pour honey onto a table, then pour water. Which spreads slowly? Why?
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Blood’s Resistance to Shear

e Pour honey onto a table, then pour water. Which spreads slowly? Why?
e The honey spreads slowly — it is more viscous
e |ts layers resist sliding past each other.

e In blood flow: the blood touching the vessel wall is stationary (no-slip
condition, A6).

e The blood in the centre moves fastest.

e Between these layers, fast layers drag slow layers forward — this internal
friction is VISCOSITY.

Newton’s law: shear stress = viscosity x velocity gradient (A3)
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Viscosity

b 4
Two nearby What causes Shear depends on o Go to Final: Shear stress |
fluid layers shear? velocity dif itesil scale is proportional |
per unit distance
Consider two horizontal layers Shear arises due to the relative g Let the distance between the Shear stress is proportional to
; : B The stronger the velocity s 3
of afluid at heights y and y + Ay. | | motion (sliding) between the o I layers become infinitesimally the rate of change of velocity
layers. kfference,overalgiven.distance? small (Ay — 0). across the layers.
the higher the shear.
YL = u(y+ay)| | | ) ( g N Shear stress law
| Relative velocity between Average velocity change Limit of the average rate (Newtonian fluid):
| the two layers: per unit distance: of change:
|

VT uy = =

fA A= » Au _ u(y+4y)—u(y) (B Au  du
u = ul —ul AT T L e
| el Z Ay Ay ay-0 Ay dy

C —)

> < where
u(y+A4y) I } T = shear stress (Pa)
) o e e This is the local rate at which oW o
Velocity at y = u(y) IfAu=0 — noshear | | # = dynamic viscosity (Pa-s)
Ay velocity changes from one '
LVeIocny aty +4y = u(y +4y) IfAu#0 — shear exists o layer to the next. U _ velocity gradient (s~1)
et J uiy) i
Physical meaning [ why notjust u? ] :
u ) ) Alllayers move at same speed U Layers move at different speeds Key;takegawy,
Y measures how quickly velocity changes . % Shear depends on velocity difference

9Y from onellayer to the next —

e Sy, per unit distance, not on the

this relative sliding of layers creates shear. [ absolute velocity.
% _ g o noshear 20 o shearexists Gradient — Shear
dy ay e
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Viscosity

Pour honey onto a table

Honey spreads slowly —
it is more viscous.
Its layers resist sliding
past each other.

VISCOSITY: INTERNAL FRICTION IN FLUIDS

Pour water onto a table

Water spreads quickly —
it is less vi
Its layers slide past
each other easily.

NEWTON’S LAW OF VISCOSITY

Area = A

“u=0

(moves faster)

—— Bottom layer

Shear stress is proportional to velocity

Larger gradient

larger shear stress.

In blood flow:

The blood touching the vessel wall
is stationary (no-slip condition)
The blood in the centre

moves faste:

Between these layers,
fast layers drag slow
layers forward —

this internal frictior
VISCOSITY.

_ Newton’s law:

Velocity changes .
from lyer o layer. |- Ju
Adjacent layers

slide past each other.

du
dy

Velocity
profile

T = shear stress
(force per unit area)

resistance to flow)

elocity gradient
(change of velocity across layers)

- Viscosity arises from velocity differences inside the fluid. It resists motion between layers.
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Viscosity

Poiseuille profile
u(r)=U_max(1-r?/R?)

Velocity layers & shear 1.00 +

0.50 1

0.25

o
~
w

£ 0004
=

—0.25 1

—0.50 1
all)
. ~0.75 1

0.0 0.2 0.4 0.6 0.8 1.0
u/U_max
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Blood’s Resistance to Shear

¢ Unlike pressure, viscosity comes from velocity differences inside the fluid
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Blood’s Resistance to Shear

¢ Unlike pressure, viscosity comes from velocity differences inside the fluid
e Top layer of fluid moves faster
e Bottom layer moves slower

Newton'’s law: shear stress = viscosity x velocity gradient. As per the shear
stress law
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Blood’s Resistance to Shear

¢ Unlike pressure, viscosity comes from velocity differences inside the fluid
e Top layer of fluid moves faster 7(y + dy)
e Bottom layer moves slower 7(y)

Net Force = 7(y + dy)A — 7(y)A

As per Taylor Series expansion

or

T(y +dy) = 7(y) + a9y

dy
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Blood’s Resistance to Shear

¢ Unlike pressure, viscosity comes from velocity differences inside the fluid
e Top layer of fluid moves faster 7(y + dy)
e Bottom layer moves slower 7(y)

Net Force = 7(y + dy)A — 7(y)A

As per Taylor Series expansion

r(y + dy) ~ (y) + Z;dy

or 0u 0%u
F=1(y+dy)A—T1(y)A= —Ady— Ady—ua 5

%
ay Hay2
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Blood’s Resistance to Shear

F 0%u

av Mo
Already, we have a force due to pressure and now another viscous force, so

we have
Fo_ (0w, ou
av ~P\or T ox
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Blood’s Resistance to Shear

F 0%u

av Mo
Already, we have a force due to pressure and now another viscous force, so

we have
Fo_ (0w, ou
av ~P\or T ox

o op
v Oz
F Fy Fy

av v Tav
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Blood’s Resistance to Shear

F 0%u

av "oy
Already, we have a force due to pressure and now another viscous force, so
we have
Eo_ (u, o
av —"\ot "oz
B op
v Oz
F_R B
v dvV  dv

ou, ou\_ oy o
P\ ot ox) Oz M@yz
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Navier—Stokes Equation

If any other external forces such as gravity, electromagnetic forces, rotation
etc. act, then we get them as

ou_ ou\_ _op, o
P\ o oxr)  Ox MayQ 2
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Navier—Stokes Equation

Lifting A10 (1D — 3D), with A3 and A4 in force:

7

p<%1:+(u'V)u> = —Vp+uViu+f

& 2
- = — f
th Vp+ uVou+
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Navier—Stokes Terms (Blood Flow)

p
Unsteady inertia
p%‘t‘ How fast is velocity changing at a fixed point? Zero for steady
flow.
A\
p
Convective inertia
plu-Vu Is the parcel moving into a faster/slower region? Nonlinear term.
\
P
—Vp Pressure gradient: Drives blood from high to low pressure.
A\
p
uV3u Viscous diffusion: Viscosity smooths velocity differences.
.
p
P Body force: Gravity, magnetic effects. Often negligible in arteries
(A8).
.
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How? (continued)
Mass Conservation



Mass In = Mass Out

¢ Blood rushes past me from the left.
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e Now | turn to the right side of my tiny region.
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Mass In = Mass Out

¢ Blood rushes past me from the left.

| pick an imaginary gate—just a thin slice of space—and start counting.
How much blood enters this region every second?

Now | turn to the right side of my tiny region.

“How much leaves?”

e For a moment, | wonder—could more blood leave than enter?

[ Impossible
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Mass In = Mass Out

e There’'s nowhere for extra blood to come from. No hidden source. No
magic creation.
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Mass In = Mass Out

e There’'s nowhere for extra blood to come from. No hidden source. No
magic creation.

And if less leaves?

Then blood would start piling up here—the artery would swell.
But the walls are rigid (A5). Nothing is expanding.

So the only possibility is this:
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Mass In = Mass Out

e There’'s nowhere for extra blood to come from. No hidden source. No
magic creation.

And if less leaves?

Then blood would start piling up here—the artery would swell.
But the walls are rigid (A5). Nothing is expanding.

So the only possibility is this:

[ Whatever enters must leave.

58/111



Mass is Conserved

MASS IS CONSERVED

Blood flowing into any region of the artery must
equal blood flowing out — none is created or destroyed inside.

1 shrink again—
smaller than a
red blood cell—

and stand ir

BLOOD FLOWS )

a narrow section
FROM LEFT TO RIGHT

of an artery.

1 pick an imaginary gate—
just a thin slice of space—
and start counting.

How much blood
enters this region
every second?

INFLOW
Ty, = puA

Now | turn to the right side
of my tiny region.
OUTFLOW
Mgyt = PUA
(at x+dx)

o And if less leaves?
Then blood would start
piling up here—
the artery would swell.

But the walls are rigid.
Nothing is expanding.

e For a moment, | wonder—
could more blood leave
than enters?

Impossible.
There's nowhere for

extra blood to come from.
No hidden source.

No magic creation.

WHATEVER ENTERS
MUST LEAVE.

Think of a section of artery:

if blood enters from the left,
and the rigid wall does not bulge, MAES I
the same volume must leave M AS; out

from the right every second.

s not a profound insight—

MASS IN
5 it is just bookkeeping.

MASS OUT
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Mass is Conserved

d . .
E(mass inside) = mass inflow — mass outflow

d o
a(mass inside) = —Net outflow
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Mass Conservation

Step 1: Consider a small fluid element

Volume = Adz, Mass = pAdzx
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Mass Conservation

Step 1: Consider a small fluid element
Volume = Adz, Mass = pAdzx
Step 2: Mass flow rate (in and out)
Inflowatz: pud

Outflow atz +dw:  (pud)|,, .
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Mass Conservation

Step 1: Consider a small fluid element
Volume = Adz, Mass = pAdzx
Step 2: Mass flow rate (in and out)
Inflowatz: pud

Outflow at z + dx : (puA)|z+dm
Step 3: Net mass outflow

9(pud)

(puA)ztde — (pud)e = —5—dx

Ox
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Mass Conservation

Step 4: Rate of change of mass inside
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Mass Conservation

Step 4: Rate of change of mass inside
e At this same location
e Astime changes
e |s the mass increasing or decreasing? %(mass)
0 op

9 oAde) = AdzZP
gy (A dr) = Adwg
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Mass Conservation

Step 4: Rate of change of mass inside

¢ At this same location

e Astime changes

e |s the mass increasing or decreasing? %(mass)

0 op

a(pA dr) = A dZEa
Step 5: Apply conservation of mass (constant A, by A5)
dp , 9(pu)

ox dv=0 = E—{_ ox

dp  O(puA)
Adx—
ot

=0
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Mass Conservation

dp , 9(pu) _

ot " ow
In 3D,

ap _
[ T +V.-(pu) =0

If blood is incompressible (A4: p constant, “Blood changes speed—but not
density.”),

[ Vi(pu)=pV-u=0 = V-u=0
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Mass and Momentum Conservation

In 3D,
(
2 _Vp+ uViu+f
Ppr = VP tu
-
p
dp
E'FV-([)U)—O

.

J

Four unknowns (u1, us, us, p) with p fixed by A4; four equations. The model is
not yet complete.
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Initial and Boundary Conditions in Blood Flow
ua_ 2

P = Vp+ uVou

To solve this, we need:

e |nitial Condition (IC)
e Boundary Conditions (BCs)
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Initial Condition

Definition:
u(x,0) = up(x)
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Initial Condition
Definition:
u(x,0) = up(x)
Common choices in blood flow:
® Rest start: u(x,0) =0
e Developed flow profile (Poiseuille)

e Previous simulation state
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Initial Condition
Definition:
u(x,0) = up(x)
Common choices in blood flow:
® Rest start: u(x,0) =0
e Developed flow profile (Poiseuille)

e Previous simulation state

[ Physical Meaning: How is blood moving at the start?
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Boundary Condition: Vessel Wall
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Boundary Condition: Vessel Wall

u=20
No-slip condition (A6, together with the rigid wall A5)
e Blood sticks to the vessel wall

e Velocity is zero at the boundary
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Boundary Condition: Vessel Wall

u=20
No-slip condition (A6, together with the rigid wall A5)
e Blood sticks to the vessel wall

e Velocity is zero at the boundary

[ Interpretation: Fluid in contact with the wall does not move
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Boundary Condition: Inlet

Velocity-driven inlet:
u = u;,(t)
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Velocity-driven inlet:
u = u;,(t)

Example (pulsatile flow):
u(t) = Up(1 + sinwt)

Flow-rate condition:
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Boundary Condition: Inlet
Velocity-driven inlet:
u = u;,(t)

Example (pulsatile flow):
u(t) = Up(1 + sinwt)

Flow-rate condition:

/Au-ndAzcxt)

[ Interpretation: Flow is driven by the heart
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Boundary Condition: Outlet

Pressure condition:
P = Pout
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Boundary Condition: Outlet

Pressure condition:
P = Pout

Traction-free condition:
—pn+puVu-n=0
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Boundary Condition: Outlet

Pressure condition:
P = Pout

Traction-free condition:
—m+puVu-n=0

[ Interpretation: Blood exits into a region of known pressure
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Boundary Condition: Symmetry

ou
on

70/1m



Boundary Condition: Symmetry

ou
on

e Used in symmetric geometries

e Reduces computational domain
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Summary of Conditions

Location Condition Meaning
Wall u=20 No-slip
Inlet u(t) or Q(t) Driven by heart

Outlet p =const  Downstream pressure

Initial u(x,0) Starting state

71/1M



Summary of Conditions

Location Condition Meaning
Wall u=20 No-slip
Inlet u(t) or Q(t) Driven by heart
Outlet p =const  Downstream pressure
Initial u(x,0) Starting state

[ Key Insight: Equations describe motion, boundary conditions define reality
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Dimensionless View of Blood Flow

Key Idea:
e The Navier—Stokes equations involve parameters: p, u, D, U
e But nature does not respond to absolute values

¢ It responds only to ratios
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Dimensionless View of Blood Flow

Key Idea:
e The Navier—Stokes equations involve parameters: p, u, D, U

e But nature does not respond to absolute values

¢ It responds only to ratios

Non-dimensionalization: scale length by D, velocity by U, time by D /U, pressure by
pU?:
ou*
ot*

1
+(u" - VH)u' =-Vp* + Re V*2u, VvV u' =0

72/1M



Dimensionless View of Blood Flow

Key Idea:
e The Navier—Stokes equations involve parameters: p, u, D, U

e But nature does not respond to absolute values

¢ It responds only to ratios

Non-dimensionalization: scale length by D, velocity by U, time by D /U, pressure by
pU?:
ou*
ot*

1
+(u" - VH)u' =-Vp* + Re V*2u, VvV u' =0

Flows with the same dimensionless numbers are physically equivalent
A lab artery model can replicate real blood flow if these ratios match
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Dimensionless View of Blood Flow

Each variable is written as a typical size times a pure number. Starred quantities
carry no units and are of order one.
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Dimensionless View of Blood Flow

Each variable is written as a typical size times a pure number. Starred quantities
carry no units and are of order one.

Variable Scale Substitution
Length D, vessel diameter x = Dx*
Velocity U, mean speed u=Uu*

. . . D
Time D/U, time to travel one diameter ¢ = i t*

Pressure pU?, dynamic pressure p = pU? p*
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Dimensionless View of Blood Flow

Since z = D z*, a change in z is D times a change in z*:

0 1 0 1

_ _1 * 2 *2

dxr D oz* D2

Similarly, since t = (D/U) t*:
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Dimensionless View of Blood Flow

Term After substitution Result
ou U pou U ou
P ot p ot D ot
pu-Viu p-Uu -BV Uu T(u -VHu
1 * 2% pU2 *, %
—~Vp —5 V' eUp o (V)
uViu M-EV2UU EVQu
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Dimensionless View of Blood Flow

The equation becomes

o0

* 2
D (811 +(u” V*)u*> =P ) + v

ot D D2

The coefficient of the viscous term becomes

pu/p*t_ p L o pUD _UD

pU2/D — pUD  Re’ oo v
8u* * * * * ok 1 *2_ sk
at*-l—(u-V)u- V'p +Rev u
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Dimensionless View of Blood Flow

1
V-quV*~(Uu*):%V*-u*:

SinceU/D # 0,

[ Vi-ua*=0

With v = 3.3 x 1079 m?/s:

Vessel D U Re=UD/v

Aorta 2cm  0.2m/s ~ 1200
Coronary artery 3mm 0.2m/s ~ 180
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Principle 6 — Predict?
What will our model
predict?



Reynolds Number (Flow Regime)

_oUD _UD
_&2_ U

Re
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Reynolds Number (Flow Regime)
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e Ratio of inertia to viscous forces
Flow regimes:

® Re < 2300 — Laminar flow

® Re > 4000 — Turbulent flow
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Reynolds Number (Flow Regime)

_oUD _UD
_&2_ U

Re

e Ratio of inertia to viscous forces
Flow regimes:
® Re <2300 — Laminar flow
® Re > 4000 — Turbulent flow
In blood flow:
e Arteries: moderate Re (mostly laminar)

¢ Disturbed regions (stenosis): possible transition
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Reynolds Number

REYNOLDS NUMBER (Re)

The ratio of inertial forces to viscous forces

PHYSICAL MEANING

p = fluid density
Reynolds number tells us _ o UMD U = characteristic veloci
whether the flow is smooth Re=——=—— D = characteristic length (diameter)
and orderly (laminar) or M v 1 = dynamic viscosity
chaotic (turbulent). v = kinematic viscosity (v = u/p)
FLOW REGIMES
MINAR FLOW TRANSITION ZONE TURBULENT FLOW
Re < 2300 2300 < Re < 4000 Re > 4000
Re
2300 4000

LAMINAR FLOW (Re < 2300)

TRANSITION ZONE (2300 < Re < 4000)

Smooth, orderly layers
Parabolic velocity profile

Flow becomes unstable
Vortices begin to form

TURBULENT FLOW (Re > 4000)

Chaotic, mixed motion
Fluctuating velocity

AORTA
Re ~ 1000 - 3000
Usually laminar

EXAMPLES IN BLOOD FLOW

STENOTIC ARTERY
Re can exceed 4000 locally
Turbulence possible

CAPILLARIES
Re ~1074-10"2

Always laminar
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Pulsatile Flow

e We consider incompressible flow of a Newtonian fluid with density p and
dynamic viscosity i (kinematic viscosity v = u/p) in a straight, rigid tube
of radius R.

e The tube axis is the z-axis, so the cross-section is 2% + y% < R2.

¢ In Cartesian coordinates, with velocity v = (u, v, w), the Navier—Stokes
equations read

V-u=0, (M

p (%—QZ + (uw- V)u) = —Vp+ uVu. 2

81/11



Pulsatile Flow

We assume the flow is purely axial:
u=uv=0, w=w(x,y,z,1t).
The continuity equation (1) then reduces to

g—qj =0 = w=uw(z,vyt),

so the flow is fully developed.
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Pulsatile Flow

With u = v = 0, the z- and y-components of (2) contain no velocity terms and
give

op op B

In the z-component, the convective term is

ow ow ow
(u-V)w—u%ﬁLva—y—i—w%—O, (6)

and 9?w/dz? = 0. The nonlinear term therefore drops out, leaving

ow  Jp Pw  Pw
pa——&“‘(ww—gﬂ) 7)
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Pulsatile Flow

In (7), every term except dp/0z depends on (x,y, t) only, while 9p/0~ depends
on (z,t) only. Both must therefore equal a function of time alone:

op

~5, = G(t). (8)

At each instant, the pressure varies linearly along the tube.
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Pulsatile Flow

Let r = /a2 + y2. By axisymmetry, w = w(r, t). Since

9

or_z O _y
oxr r’ oy r

the chain rule gives

ow  Oww

ox  or 1’
Differentiating again with the product rule, and using
d(x/r)/0x = 1)r — 22 /73,

Pw Q2w a? (9_w(1 932)

ox2  or2 r2  or \r 13
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Pulsatile Flow

By symmetry in y,
Pw _ Pwy® Ow(l g
oy2  or2 r2  Or '

roor
Adding the two and using 22 + y* = r?,

— o

82w+82w_82w+38_w 12 ow
0x2  Oy2  or2  ror ror ’
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Pulsatile Flow

Substituting into (7),

ow
P ot

:G@Hgﬁ(ﬁ_w), 0<r<R, (14)

subject to

w(R,t) =0 (no slip), ow =0 (symmetry). (15)

r=0
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Pulsatile Flow

For a pulsatile flow driven by one Fourier mode of the pressure gradient,
G(t) = Ae™?, introduce

rf=— t* = wt, w* = —. (16)

The unsteady inertia term scales as pwU and the viscous term as pU/R?. Their ratio
is

pwlU wR? 9 w
— = = =Ry/— 17
wU/R? v “ Wo v (17)
and (14) becomes
ow* 4 10 ow* . AR?
2 _ it - * A= ) 1
Wo ot At * Or* (r or* ) ’ pU (18)

Equivalently, Wo = v/2 R/5, where § = /2v/w is the Stokes layer thickness.
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Pulsatile Flow

Seeking w = W (r) et in (14) gives

W Ty By 2 A (19)
r v I

The particular solution is A/(ipw); the homogeneous solution regular at » = 0 is
Jo(i*?ar/R). Imposing W (R) = 0,

A

:3/2
w(r’ t) =Re{ — |1 — M
ipw Jo (i3/2Wo)

ei“t} . (20)

For Wo « 1 this tends to quasi-steady Poiseuille flow in phase with the pressure
gradient; for Wo > 1 the core moves as a plug lagging the pressure gradient by
about 90°, with viscous effects confined to a wall layer of thickness O(R/Wo).
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Womersley Number (Pulsatility)
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Womersley Number (Pulsatility)

Wo = R,/
14

* Measures importance of unsteady inertia vs viscosity; v (m?/s), R vessel radius
(m), w angular frequency (rad/s)

e |t appears when time is scaled by 1/w (the heartbeat) instead of D/U
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Womersley Number (Pulsatility)

Wo = R,/
14

* Measures importance of unsteady inertia vs viscosity; v (m?/s), R vessel radius
(m), w angular frequency (rad/s)

e |t appears when time is scaled by 1/w (the heartbeat) instead of D/U
Interpretation:
e Small Wo — parabolic (Poiseuille-like profile)

e Large Wo — flat velocity profile (inertia dominated)

90/1m



Womersley Number (Pulsatility)

Wo = R,/
14

* Measures importance of unsteady inertia vs viscosity; v (m?/s), R vessel radius
(m), w angular frequency (rad/s)

e |t appears when time is scaled by 1/w (the heartbeat) instead of D/U
Interpretation:

e Small Wo — parabolic (Poiseuille-like profile)

e Large Wo — flat velocity profile (inertia dominated)
In blood flow:

® Aorta: Wo ~ 15

® Flow is strongly pulsatile and inertia-dominated
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Womersley Number (Wo)

WOMERSLEY NUMBER (Wo)

A measure of pulsatile (unsteady) inertial effects in oscillatory flow

PHYSICAL MEANING e - TYPICAL VALUE IN AORTA

Small Wo Moderate Wo Large Wo =
Wo = & ‘ (Wo << 1) (Wo ~1-10) (Woos 1) Wo = 15
" High Wo — inertia dominated
R = rsssalgs ot ~ flatter velocity profile
@ = angular frequency (rad/s) | Viscous forces dominate Both inertia and viscous Inertial forces dominate with phase lag
v = kinematic viscosity (m?/s) | Flow adjusts quickly to forces are important. Flow cannot adjust quickly;
|| pressure changes. strong unsteady effects.

Interpretation:
Ratio of unsteady inertial forces
to viscous

VELOCITY PROFILE ACROSS THE VESSEL (During Systole)

LOW Wo (Wo << 1) MODERATE Wo (Wo ~ 1-10) HIGH Wo (Wo >> 1)
| Parabolic \ Blunted
| profile
Flow) /" profile
u u I u \
o7 « Viscous forces K « Inertia and viscosity ) |« Inertial forces |
o dominate. 1 both important = dominate.
« Flow adjusts | + Some phase lag « Strong phase lag
instantaneously to between flow and (flow lags behind
o i o | pressure 0 | pressure)
o 1R 0 1R | 0 1R
EFFECT OF Wo ON PULSATILE FLOW WAVEFORM P B T
LOW Wo MODERATE Wo HIGH Wo EYAIAKEAWRY]
- \ Womersley number (Wo) tells us
—— Pressure (driving) how important unsteady inertia is
in pulsatile blood flow.
~== Flow rate (resuting)

t
Flow in phase with pressure Moderate phase lag Flow lags behind pressure
(no significant lag) (significant phase lag)

Reynolds number tells us about the overall flow regime (laminar/turbulent),

Riradius (m)  w: angular frequency (rad/s)  v: kinematic viscosity (m?/s)
while Womersley number tells us about the importance of pulsatil

in that flow. Wo is dimensionless.
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Prediction 1: Which Regime Are We In?

Heart rate 72 beats/min = w = 27(1.2) ~ 7.5rad/s; v = 3.3 x 107 m?/s.

Vessel D U (mean) Re Wo
Aorta 2cm 0.2m/s ~1200 =~15
Coronary artery 3 mm 02m/s ~180 =~2.3

Coronary, 50% stenosis 1.5mm 0.8 m/s ~ 360 -
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Prediction 1: Which Regime Are We In?

Heart rate 72 beats/min = w = 27(1.2) ~ 7.5rad/s; v = 3.3 x 107 m?/s.

Vessel D U (mean) Re Wo
Aorta 2cm 0.2m/s ~1200 =~15
Coronary artery 3 mm 02m/s ~180 =~2.3

Coronary, 50% stenosis 1.5mm 0.8 m/s ~ 360 -

e Mean flow is laminar everywhere in this table: A7 survives the check.

e Aorta: flat, pulsatile profile. Coronary: nearly parabolic, quasi-steady.
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Prediction 2: The Stenotic Jet

From V - u = 0 and rigid walls, the volume flow rate is the same at every
cross-section:
Uy A

Q=U1A =4y = —2=21_ Di)*
— vulal — U242 Ul_A2_ Dg
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Prediction 2: The Stenotic Jet

From V - u = 0 and rigid walls, the volume flow rate is the same at every
cross-section:

Ug Al D1 2
@ A 22 Uy Ao (D2>

e Diameter halved = area quartered = velocity x4.
4
o Re_ 2Q

1
o —, so Re doubles in the throat.
auD — D’
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Prediction 2: The Stenotic Jet

From V - u = 0 and rigid walls, the volume flow rate is the same at every
cross-section:

U2 Al D1 2
Q Ui Uads U1 A2 < Dg )

e Diameter halved = area quartered = velocity x4.
4 1 .

® Re= 40Q x —, so Re doubles in the throat.
T D

This is exactly what the Ant-Man saw: the blood “accelerates sharply,
squeezing through the constriction”.

93/1m



Prediction 3: Why a Narrowing Steals Pressure

Steady, fully developed flow in a straight rigid tube of radius R and length L
(0, = 0, convective term vanishes, Ap = pin — pout). Navier—Stokes reduces to

_Ap 1d [ du Ap o o
0= L +#7"dr(rd'r) = 7JJ(T)_4,uL(R r)
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Prediction 3: Why a Narrowing Steals Pressure

Steady, fully developed flow in a straight rigid tube of radius R and length L
(0, = 0, convective term vanishes, Ap = pin — pout). Navier—Stokes reduces to

_Ap 1d /[ du _Ap o o
O_L+M7"dr(rdr) = u(r)= (R —r)

4
L
SulL

resistance
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Prediction 3: Why a Narrowing Steals Pressure

Steady, fully developed flow in a straight rigid tube of radius R and length L
(0; = 0, convective term vanishes, Ap = pin — pout). Navier—Stokes reduces to

A 1d/ d A
0:—p+;¢ —( u) = u(r):—p(RQ—TQ)

L e \Tar Al

TR 8uL

=—A — Ap= =
Q suL P P= Q

resistance

e Halve the radius = resistance x16.

e For the same @, the pressure drop across the stenosis rises sharply, so
pdistal falls and FFR falls.

94/1Mm



What Controls Blood Flow?

e Reynolds number — flow regime (laminar vs turbulent)

e Womersley number — pulsatility effects

95/1M



What Controls Blood Flow?

e Reynolds number — flow regime (laminar vs turbulent)

e Womersley number — pulsatility effects

Flow behaviour is governed by dimensionless ratios, not absolute values
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What Controls Blood Flow?

e Reynolds number — flow regime (laminar vs turbulent)

e Womersley number — pulsatility effects

Flow behaviour is governed by dimensionless ratios, not absolute values

Key Insight: Two flows with the same Reynolds and Womersley numbers are
dynamically identical

95/1M



What Controls Blood Flow?

e Reynolds number — flow regime (laminar vs turbulent)

e Womersley number — pulsatility effects

Flow behaviour is governed by dimensionless ratios, not absolute values

Key Insight: Two flows with the same Reynolds and Womersley numbers are
dynamically identical

Physics is scale-free when expressed in dimensionless form
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Principle 7 — Valid?
Are the predictions
valid?



Check 1: Dimensional Consistency

Every term in Navier—Stokes must carry the units of force per volume,
N/m3 = kgm=2s72.

pou/ot kg/m? - m/s?

p(u-V)u kg/m®-(m/s)(m/s)/m

Vp Pa/m = N/m?

puV2u Pas - (m/s)/m? = Pa/m
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Check 1: Dimensional Consistency

Every term in Navier—Stokes must carry the units of force per volume,
N/m3 = kgm=2s72.

pou/ot kg/m? - m/s?

p(u-V)u kg/m®-(m/s)(m/s)/m

Vp Pa/m = N/m?

puV2u Pas - (m/s)/m? = Pa/m
Limit checks

e 1 — 0: Euler equations of inviscid flow.
e u — 0: Vp = f, hydrostatics.
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Check 2: Revisit the Ledger

No. Check Verdict

Al Red cell ~ 8 um vs coronary lumen 3 mm Holds; fails in capillaries

A3 Blood shear-thins at low shear rates; large-artery  Holds; doubtful in the recir-
shear is mostly high culation zone

A4 Ap ~ 16 kPa vs bulk modulus of water ~ 2 GPa  Holds
= Ap/p~107°

A5 Aortic diameter changes by several percent per Questionable in the aorta
beat

A7 Mean Re < 2300 in the table Holds; post-stenotic jet may

transition
A8 Patient lying flat Holds; posture adds hydro-

static offsets
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Check 2: Revisit the Ledger

No. Check Verdict

Al Red cell ~ 8 um vs coronary lumen 3 mm Holds; fails in capillaries

A3 Blood shear-thins at low shear rates; large-artery  Holds; doubtful in the recir-
shear is mostly high culation zone

A4 Ap ~ 16 kPa vs bulk modulus of water ~ 2 GPa  Holds
= Ap/p~107°

A5 Aortic diameter changes by several percent per Questionable in the aorta
beat

A7 Mean Re < 2300 in the table Holds; post-stenotic jet may

transition
A8 Patient lying flat Holds; posture adds hydro-

static offsets

( A model is valid only within the region of the ledger that survives this table.
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Principle 8 — Verified?
Are the predictions
good?



Comparing with Reality

¢ Analytical benchmarks: a solver must reproduce the Poiseuille profile
(steady) and the Womersley profile (pulsatile) before it is trusted on a
patient.
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Comparing with Reality

¢ Analytical benchmarks: a solver must reproduce the Poiseuille profile

(steady) and the Womersley profile (pulsatile) before it is trusted on a
patient.

¢ Numerical convergence: refine the mesh and time step until FFR stops
changing.
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¢ Analytical benchmarks: a solver must reproduce the Poiseuille profile
(steady) and the Womersley profile (pulsatile) before it is trusted on a
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¢ Numerical convergence: refine the mesh and time step until FFR stops
changing.

¢ Laboratory phantoms: transparent artery models run at matched Re and
Wo, measured by particle image velocimetry.
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(steady) and the Womersley profile (pulsatile) before it is trusted on a
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¢ Numerical convergence: refine the mesh and time step until FFR stops
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¢ Laboratory phantoms: transparent artery models run at matched Re and
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invasive pressure-wire FFR.
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Comparing with Reality

¢ Analytical benchmarks: a solver must reproduce the Poiseuille profile
(steady) and the Womersley profile (pulsatile) before it is trusted on a
patient.

¢ Numerical convergence: refine the mesh and time step until FFR stops
changing.

¢ Laboratory phantoms: transparent artery models run at matched Re and
Wo, measured by particle image velocimetry.

¢ Patient data: velocities from 4D flow MRI; computed FFR against
invasive pressure-wire FFR.

[ Fitting +# truth # usefulness. ]
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Principle 9 — Improve?
Can we improve the
model?



Lift One Assumption at a Time

Lift Improved model

A3 Non-Newtonian viscosity u(%): Carreau—Yasuda, Casson

A5 Fluid—structure interaction: the wall breathes again

Outlet  Lumped Windkessel (RCR) models for the downstream vessels
A7 Transition and turbulence models behind severe stenoses

A1, A2  Particle or multiphase models for red cells in small vessels
A10 Patient-specific 3D geometry from CT or MR
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Lift One Assumption at a Time

Lift Improved model

A3 Non-Newtonian viscosity u(%): Carreau—Yasuda, Casson

A5 Fluid—structure interaction: the wall breathes again

Outlet  Lumped Windkessel (RCR) models for the downstream vessels
A7 Transition and turbulence models behind severe stenoses

A1, A2  Particle or multiphase models for red cells in small vessels
A10 Patient-specific 3D geometry from CT or MR

Because each assumption was numbered and independent, each improvement
has a clear address in the ledger.
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Why Geometry Controls the Pressure Loss

A classical lumped model of the pressure drop across a stenosis (Young—Tsai,
Gould):

8mulL pr1 12
- )
p PR L O N P
——
viscous loss in the throat expansion (separation) loss

with Ag = 7D?/4 and A, = nd?/4.
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Why Geometry Controls the Pressure Loss

A classical lumped model of the pressure drop across a stenosis (Young—Tsai,

Gould):
8mulL pr1 1\2 o
- 3G-2)
A? @ 2\A, A @
——
viscous loss in the throat expansion (separation) loss

with Ag = 7D?/4 and A, = nd?/4.
e Length L enters linearly; the throat area A, enters as A 2. The minimum lumen
dominates.

e The viscous term is Poiseuille applied to the throat; the second term is the
energy lost when the jet expands and separates.

e The quadratic term grows fastest when flow rises. This is why FFR is measured
at maximal flow.
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Why Geometry Controls the Pressure Loss

A classical lumped model of the pressure drop across a stenosis (Young—Tsai,
Gould):

8mulL pr1 12
- )
p PR L O N P
——
viscous loss in the throat expansion (separation) loss

with Ag = 7D?/4 and A, = nd?/4.

e Length L enters linearly; the throat area A, enters as A 2. The minimum lumen
dominates.

e The viscous term is Poiseuille applied to the throat; the second term is the
energy lost when the jet expands and separates.

e The quadratic term grows fastest when flow rises. This is why FFR is measured
at maximal flow.

Two lesions with the same % diameter but different length or shape give dif-
ferent Ap, so different FFR. Percent narrowing alone is not enough to decide
treatment.
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Why Geometry Matters for the Model

Geometric feature

Flow consequence

Converging section
Throat (d)

Diverging section
Post-stenotic region

Eccentric plaque
Lesions in series

Flow accelerates, pressure falls

High-speed jet; peak wall shear stress, linked to
plaque rupture

Adverse pressure gradient, flow separation

Recirculation; low and oscillating wall shear, linked to
further plaque growth

Asymmetric jet that bends toward one wall

Pressure losses add; one lesion changes the flow
seen by the next
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Why Geometry Matters for the Model

Geometric feature Flow consequence

Converging section Flow accelerates, pressure falls

Throat (d) High-speed jet; peak wall shear stress, linked to
plaque rupture

Diverging section Adverse pressure gradient, flow separation

Post-stenotic region Recirculation; low and oscillating wall shear, linked to
further plaque growth

Eccentric plaque Asymmetric jet that bends toward one wall

Lesions in series Pressure losses add; one lesion changes the flow

seen by the next

In the model, geometry enters only through the boundary of the domain, yet it
decides almost everything downstream. In patient-specific CT-FFR, segmenta-
tion of the lumen is a leading source of error.
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Research Direction

NON-NEWTONIAN BLOOD (DIRECTION 3 RESEARCH)

Blood viscosity depends on shear rate (y) - it is NOT constant.

WHERE SHEAR RATE IS LOW VISCOSITY OF BLOOD vs SHEAR RATE WHY?
y <100s~! 102 .
(Recirculation zones, small vessels) .~ : (:;g:e;:ﬁzg) zizeizzg;
{ | - ! 4 i
0 ; i p>100s g iy =
< 7 <100 571 ! Viscosity decreases e -
" | : =
210 Vs e £ (shear thinning) = =
2 : = e
2 5 -
> 1 >
Low shear = RBCs aggregate (rouleau) 10} T . T T
— higher resistance to flow 10° 10' 102 103 104 At low shear, RBCs form aggregates
=> viscosity rises Shear rate y (s™") = more resistance = higher viscosity.

THEREFORE, BLOOD IS NON-NEWTONIAN:

viscosity /4 depends on shear rate y —

C CT MODEL FOR NON-NEWTONIAN BLOO| THE MISSING VISCOSITY-GRADIENT TERM
INCORRECT HI y e When = p(x), expand:
e e Viscosity varies in space through 7/ (x)
= ; 1

o ] V- [u(y) (Vu+ vuh)]

V-lu() (Vu+VvVul) L B o et
i = b ;LV“u + (Vu) - (Vu + vuT)

Divergence Accounts for viscosity ( This viscosity-gradient term is O(1) |
SHessjtensor gradients in spac in recirculation zones and small vessels! |

It cannot be neglected.

In low-shear regions (¥ < 100 s~1), viscosity rises and varies strongly in space. Typ‘caj units

You MUST use )] — the extra term is not small; it is O (1) ! u:Pa-s



Research Direction

RESEARCH DIRECTION 3 — NON-NEWTONIAN BLOOD & NUMERICAL ACCURAC

High shear (large arteries)
Cell align with flow

o BLOOD IS NOT NEWTONIAN

« Blood s a suspension of cells —
~45% red blood cells by volume.

« High shear (fast flow, large arteries):
cells align and move smoothly
— Newtonian behaviour
(4 =35 mPas)

« Low shear (slow flow, recirculation):
cells aggregate into stacks (rouleaux)
— effective viscosity RISES dramatically.

Shear-thinning;
Viscosity decreases with increasing

shear rate.

Smooth flow, Newtonian behaviour
p=3.5mPas

Low shear (recirculation zone, stenosis)
Cells aggregate (rouleaux formation)

Increased effective viscosity

WHAT IS COMMONLY DONE (INCORRECT)
Viscous term approimatad as:
nV2u
This DROPS the iscosity-gradien term.

Expanding the correct term:

o IMPACT AND CONTRIBUTION
PHYSICAL IMPACT

ACCURATE PHYSICS + CORRECT NI

© THE CRITICAL ERROR IN EXISTING GFDM SOLVERS

| WHAT IS CORRECT

‘The viscous term should be:

: Ve [u@) (Vutvam] |

MISSING TERM:

Ve [1(Vu+ VuT)] = uV2u + (Vp) - (Vu + VuT) x 2S8-Vpu
= uV2u + | 25-Vp

(viscosity-gradient term)

NUMERICAL IMPACT

Correct treatment of viscosity
gradients eliminates leading- o D assessment of plague progression

order error in WSS predictions.

@ CARREAU-YASUDA MODEL

Shear-dependent viscosity model for blood: 100

-1

Hoo + (Ho = 1) [ 1+ (A19)?]

Ho  Zero-shearviscosity (Pas)
Ha  Infinite-shear viscosity (Pa-s)

A Time constant (s)

a Dimensionless parameter (shape)

n Powerdaw index (0<n<1 for shearthinring)
7 Shearrates) = \/25:5

where S = % (Vu + VuT) is the strin-rate tensor

WHY THIS MATTERS (AT STENOSIS)

 Near the stenosis throat:
Large gradients in shear rate — large gradients in

« The missing term 28 - Vi is O (1)

« Negecting itntroduces O (h) errorin
Wall Shear Stress (WSS)

« Including it restores O (h?) aceuracy

CLINICAL IMPACT
More accurate WSS — better

tisk and treatment planning.

(Newtonian plateay)

107 100 100 100 10
Shear rate  (s°%)

High Vyu
(High gradient region)
Vi
(mPars /m)
High
Low

Stenosis throat
(critical region)

OUR CONTRIBUTION
Develop and implement a GFDM stencil
that includes the viscosity-gradient

term, restoring second-order accuracy

for non-Newtonian blood flow.

RELIABLE PREDICTIONS WHERE IT MATTERS MOST.
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Principle 10 — Use?
How will we exercise
the model?



Clinical Applications of Blood Flow Simulation

¢ Surgical planning: Stent placement and sizing for coronary disease,
Bypass graft haemodynamics

¢ Device design: Artificial heart valves — FSI simulations, Ventricular
assist devices (VADs)

e Diagnosis: Fractional flow reserve (FFR) from CT angiography, Aneurysm
rupture risk assessment

¢ Drug delivery: targeted nanoparticle transport
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Clinical Applications of Blood Flow Simulation

¢ Surgical planning: Stent placement and sizing for coronary disease,
Bypass graft haemodynamics

¢ Device design: Artificial heart valves — FSI simulations, Ventricular
assist devices (VADs)

e Diagnosis: Fractional flow reserve (FFR) from CT angiography, Aneurysm
rupture risk assessment

¢ Drug delivery: targeted nanoparticle transport

Back to Principle 1. Image the artery, solve for u and p, read off FFR: if
FFR < 0.80, the stenosis is treated; otherwise the patient is spared a
procedure.
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Summary

BLOOD FLOW DYNAMICS — A COMPLETE SUMMARY
From Fundamentals to Dimensionless Insight

1. MASS CONSERVATION (Continuity Equation) 2. BLOOD FLOW: KEY ASSUMPTIONS 3. NAVIER-STOKES EQUATIONS FOR BLOOD

Consider 2 smal Inflow at x Outflow atx +dx || @ Bood s tested 2 a Neworian lid Incompressile Newtonian fuid
fluid element pud [puAl eae {3 3-4 mPas for large arteries)
el Incompressible: dansity p = constant u 2
andares A Ot p(:97 + (u-V)u) = ~Vp + uVu + f
Jr— —r—
s s complnt Gl dform), i

- 7= A e Unsteady  Convectve  Pressre Viscous  Body

S ) ieianerla gradient effecs forces

@ Puisati unsteady) flow diven by

O - B R
ps
R e ||
Outfiow = [pulex in healthy straight artries b = donsity (ho/m) ﬂ"::“"sv
b = dynamic viscosity (Pos) gl |
© U it vty (. momlcy | NMBERS. |
5. WOMERSLEY NUMBER (Wo) — PULSATILITY
o P e e e
3
Wo =R, [—
V5
N Sngt el
S ” pfy 5
N e e e T e T e e o
i d f s
Ratio of inertia forces PHYSICAL MEANING: |
Tovican e Raoof rteody et forces | © o| J
=
s
e | G - T oN PULSATIE WAVERORH
ra: Re = 1000 T TYPICAL VALUE: , o lww ) MoosTE wo y e
Gl s i 2 o =T
o v o 15
s 5 e
bl Y e = e
o T i

7. TAKE-HOME MESSAGE

Key dimensioniess rumbers
in blood flow

@ Moss s conserved:n = Out o ncompressvie bood). Ol e

s | e oo o s e diferent. O T S . ot

i o s i | = P

‘governed only by dimensionless | + Wo = Rfw/v - pulsatiity | 9 A~ Pulsatie nature introduces unsteady effects (Wol. and strong pulses with

numbers ratos), ot by P ot e e | o e ! i Colois?

o |- otmeinpa | [ —— o

s F | ot g )| s iy Lo
e | e

Understand the ratios, and you understand the flow. ratios — Re and Wol
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Exercises

1. The common carotid artery has D =~ 6 mm and mean velocity ~ 0.3 m/s.
Compute Re and Wo at 72 beats/min. Which assumptions in the ledger are
affected?

2. Starting from the 1D momentum equation, state the extra assumptions needed
to reach the Poiseuille profile. Add them to the ledger as A11, A12, ...

3. Inacapillary (D = 6 um), which ledger entries fail? Propose one way to lift each.

4. A70% diameter stenosis: by what factor do the throat velocity and Poiseuille
resistance change?

5. Write Dym'’s ten questions for blood flow in a compliant aorta (A5 lifted). Which
answers change?
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Thank You



