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Newton's Divided Difference Interpolation

In general, the above analysis can be generalized to nth order polynomial to
n + 1 data points. The n-th order polynomial is given by (usually, it is called as
Newton form of interpolation polynomial)

P, (z) =bo+bi(x—x0)+bo(x—x0)(x—21) 4+ +bp(x—20)(x—21) - - - (T —Xp—1)



Newton's Divided Difference Interpolation

Before, we discuss b;'s, let us introduce another symbol called || to denote
product of numbers. Let ¢y, co, - - - ¢, be n real numbers, then their sum is
denoted by symbol >. Similarly, the product of these n real numbers are
denoted by the symbol []. That is,

n
HC,L- = ClCQ"'Cn
i=1

H(f—%) =(z—x0)(z—x1) (T —xp)
1=0




Newton's Divided Difference Interpolation

Using this new notation, the above polynomial P, can be written as

n

k—1
—bo—i—Zka ac—:z:z
k=1 =0
The following equations will be obtained for a;'s after a few manipulation.

bo = flzo] = f(zo)
bl = f[x(],l'l]
b2 = f[x(];xlva]

b = flzo,x1, 22, - - T

by, = flro, x1, 22, - - )




Newton's Divided Difference Interpolation

The following table will be used to get the finite divided difference formula

T f(x) First Divided Second Divided Third Divided
Difference Difference Difference
zo  flzol
Flzo, @] = flzq]—Flzo]
’ T1—TQ
z1 fle] flzo, z1, x2] = 7f[11’222]:£ézo’21]
flet, z2] = flzal=flzq] flzo, 21, @a, x3] = fley,zo,23]—flzg, 2y, 2]
’ zp—x1 TR z3—xQ
w2 flz2] flz1, m2, w3] = W
Flas, 23] = flzg]—flza] fle1, wo, o3, €4] = flzg,zg3,24]— flw1,29,23]
’ Tz —wQ ’ ’ ’ T4—®]
v floa] Sz, @3, 2a) = L28:2al T[22 23]
fles, za] = flzg]l—fleg] flee, 23, 24, w5) = fleg,zg,25]—fleg,x3,24]
’ zq—x3 TR x5 -T2
4 flza] flzs, o4, 5] = %
flza, zs5] = 7”2;’5]:54[;4]

z5  fles]



Newton's Divided Difference Interpolation

The bracketed functions denotes the finite divided differences. The first finite
difference is represented generally as

fls) = (i)

.CL'j—:Ei

f[l'i’$j] =

The second finite divided difference represents the difference of two first
divided differences, and is expressed generally as
flag, xp] — flwi, 2]

f[xi,xjaxk] = T — 25 .




Newton's Divided Difference Interpolation

The third finite difference represents the difference of two second divided
differences and is generally expressed
f[xja L, wl] - f[mh Ly, $/€]

f[.’Ei,lEj,J?k,l’l] = P .

Similarly, the nth finite divided difference is generally expressed as

o f[$17$27"'$n]_f[l‘(]aml"' 733n71]
f[l'(),l‘l,xQ,“'xn]— .
In — o

These differences can be used to obtain b;'s. The quantity f[xo, z1,x2, - - T]
is called the divided difference of order &




Newton's Divided Difference Interpolation

Theorem 1 (Invariance Theorem)
The divided difference f[xo, 21,2, - , 2] is invariant under all permutations
of arguments g, z1, 2, + , Tg.

The another way to represent the divided difference is that,

N
—

i—1

f(mk)* f[anIla'r?v"' 7xi]H(ajk7‘rJ’)

Jj=0

Il
=)

i

f[x()axthv'" 71:]6] = E—1

@k —=))

J=0




Newton's Divided Difference Interpolation

The general Newton form of the interpolation polynomial is given by

k—1

Py(z) = Zf[l“o,xl,“' , T H(ﬂf — ;)
k=0

=0




Newton's Divided Difference Interpolation

Example 2
By means of Newton's divided difference and interpolation formula, obtain the

third-order Newton's interpolating polynomial to estimate In 2.5. Find the error
€t

r |10 4 6 5
f(x) | 0.0 1386294 1.791759 1.609438




Newton's Divided Difference Interpolation

Solution: The divided difference table is given by

x f(zx) First Divided Second Divided Third Divided

Difference Difference Difference
1.0 0.0

0.4620981
4.0 1.386294 —0.05187311

0.2027326 0.007865529
6.0 1.791759 —0.0204100

0.1823216

5.0 1.609438




Figure 1: Newton Cubic Interpolation




Newton's Divided Difference Interpolation

The interpolating cubic polynomials is

Ps(x) = flwo] + flzo, z1](x — x0) + flxo, 71, 22)(T — T0) (2 — 71)
+ flxo, x1, w2, x3)(x — o) (x — 1) (z — x2)
= 0+ 0.4620981(z — 1.0) — 0.05187311(z — 1.0)(z — 4)
+0.007865529(x — 1.0)(x — 4.0)(x — 6)

Now,
P3(2.5) = 0.871802
and the error estimate is

_ _ 10871802 — 0.916290)
b 0.916290]

= 0.0485




Newton's Divided Difference Interpolation

Example 3

By means of Newton’s divided difference formula and Newton’s interpolat-
ing polynomial, compute P;(9.2), P»(9.2) and P3(9.2). Estimate the error with
In(9.2).

x |80 9.0 9.5 11.0
f(z) | 2079442 2197225 2.251292 2.397895




Newton's Divided Difference Interpolation

Solution:

x f(x) First Divided Second Divided Third Divided

Difference Difference Difference
8.0 2.079442

0.117783
9.0 2.197225 —0.006433

0.108134 0.000411
9.5 2.251292 —0.005200

0.097735

11.0  2.397895
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Figure 2: Newton Cubic Interpolation




Newton's Divided Difference Interpolation

The interpolating polynomials are

Pi(z) = flzo] + flxo, z1](z — z0)
— 2.079442 + 0.117783(z — 8.0)
Py(x) = flwo] + flzo, z1](x — x0) + flxo, 71, 22)(T — T0) (2 — 71)
— 2.079442 + 0.117783(z — 8.0) — 0.006433(z — 8.0)(z — 9.0)
Ps(z) = flzo] + flzo,z1](x — o) + flzo, 1, x2|(z — x0) (2 — 1)
+ flzo, z1, x2, 23] (2 — o) (x — 1) (z — x2)
— 2.079442 + 0.117783(z — 8.0) — 0.006433(z — 8.0)(2 — 9.0)
+0.000411(z — 8.0)(z — 9.0)(2 — 9.5)




Newton’s Divided Difference Interpolation

Now,
P1(9.2) = 2.220782, ¢, = 0.0007111

Py(9.2) = 2.219238, ¢; = 1.555 x 107°
P3(9.2) = 2.219208, ¢; = 2.0349 x 10~°




Newton's Divided Difference Interpolation

Example 4
By means of Newton's divided difference and interpolation formula, obtain the

fourth divided difference table and a polynomial of degree 4 for the following
table.

a5 ‘ 1.0 1.3 1.6 1.9 22
f(x)‘0.7651977 0.6200860 0.4554022 0.2818186 0.1103623

Calculate P4(1.75).




Newton's Divided Difference Interpolation

Solution:

x f(x) First Divided Second Divided Third Divided Fourth Divided

Difference Difference Difference Difference
1.0 0.7651977
—0.4837057
1.3 0.6200860 —0.1087339
—0.5489460 0.0658784
1.6 0.4554022 —0.0494433 0.0018251
—0.5786120 0.0680685
1.9 0.2818186 0.0118183
—0.5715210

2.2 0.1103623




Newton's Divided Difference Interpolation

Py(z) = flxol + flzo, z1](x — 20) + flz0, 21, 22)(T — 20)(T — 71)
+ flxo, x1, 22, x3](x — 20) (x — 1) (T — 22)
+ flxo, x1, 22, x3, 24| (2 — 20) (T — 1) (T — 22) (T — T3)
— 0.7651977 — 0.4837057(x — 1.0) — 0.1087339(x — 1.0)(x — 1.3)
+0.0658784(x — 1.0)(x — 1.3)(xz — 1.6)
+0.0018251(x — 1.0)(z — 1.3)(z — 1.6)(z — 1.9)

Now,
Py(1.75) = 0.369042




Exercise

Exercise 1: Hard

1. Letxg < a1 <29 <--- <, bereal, f : R — R be any function. If
the unique polynomial

P,(z) = Z apz®
k=0
passes through the data points (z¢, yo), (x1,91), - , (Zn, yn), Prove

that
=0 (2 — i)

i=0
ik




Exercise

Exercise 2: Easy

2. Prove that

flwo,x1,--+ ,xn] = ZM
k=0 H(mk - l’z)

Z

S.es.
FO

3. Prove thatb,, = a,
4. Prove the Invariance Theorem
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Newton's Forward Difference Formula

Newton’s forward difference formula is a particular case of Newton'’s divided
difference formula. Since the observations in experiments can occur at
random position or random time, the Newton'’s divided difference formula is
valid for arbitrarily spaced nodes. However, a few measurements are taken at
regular interval of time. For example, weather forecasting. Let / be the
difference between ;1 and x;.

h =2z — ;.



Newton's Forward Difference Formula

That is,
ro = x9,r1 = X9+ h,xo = 20 + 2h, -+ , 2, = 0 + nh.

The corresponding f(z) values are given by

anflaf?)”' 7fn'
Let us define the first forward difference of f at z; by
Afi= fiv1— fis

and the second forward difference of f at x; by
A*fi = Afi1 — Afi,
and the k-th forward difference of f at z; by
AFfi= AR = AR




Newton's Forward Difference Formula

The following equations will be obtained.

floo,on) = LUZLE0 - L500) — ) = 1
9] — flzo, 1 (Af(z) — A
Flo, 1, 2] = flz 9;22] - ;;[)960 ] % < f(z1) . f(%)) _ ﬁAQfo

flzo,x1,-++ ,zx] = ——_AF fo(Prove!)

k'hk




Newton's Forward Difference Formula

The following table will be used to get the Newton’s forward difference
formula

v flx) Afi Af; Af; AYf;

ro  fo
A fo
T fi A? fo
Afi A? fo
Ty fo A%f At fo
Afa A3 fy
T3 f3 A?fy
Afs

Ty J4




Newton's Forward Difference Formula

If x = 29 + rh,then x — xg = rh,x — 21 = (r — 1)h and the Newton'’s forward
difference interpolation formula is given by

Po(z) =) <Z> AFfy where r=2 _1sz (8)
k=0
or
Po(z) = fo+rAfo+ T(TTl)Awa---T(T_ Dot rznt ) ang ()

n!

2



Newton's Forward Difference Formula

Example 5
By means of Newton’s forward difference formula, compute cosh(0.56) and ¢,

z |05 0.6 0.7 0.8
f(z) | 1127626 1.185465 1.255169 1.337435




Newton's Forward Difference Formula

Solution:

0.5 1.127626
0.057839
0.6 1.185465 0.011865
0.06704 0.000697
0.7 1.255169 0.012562
0.082266
0.8 1.337435




Newton's Forward Difference Formula

1.35

13+
125

12 ///

//
/,,
15
-
14 -
05 0.55 0.6 0.65 07 0.75 0.8 0.85

Figure 3: Newton Forward Difference




Newton's Forward Difference Formula

The interpolating polynomial is

Pya) = flao) + rafo ++ gy o T D=2 gy,

3!
Here,
0.56 — 0.50
h=0.1,z=056,20 =05 = r = o1 =0.6
0.6(—0.4
P53(0.56) = 1.127626 + 0.6 x 0.057839 + ¥ x 0.011865

0.6 x —-04x—-14
+
6
= 1.160944

x 0.000697

cosh(0.56) = 1.160941, ¢, = 2.58 x 1076




Newton's Forward Difference Formula

Example 6

The following information is gathered from a book of interplanetary coordi-
nates obtained by astronomers by various means, the x coordinate of Mars in
a heliocentric coordinate system at a specified date. We expect to have smooth
function, but you can observe the higher differences due to error in data.

t ‘ 1250.5 1260.5 1270.5 1280.5 1290.5 1300.5
x = f(t) ‘ 1.39140 1.37696 1.34783 1.30456 1.24767 1.17862
t ‘ 1310.5 1320.5 1330.5  1340.5

x = f(t) ‘ 1.09776 1.00636 0.90553 0.79642




Newton's Forward Difference Formula

As per Newton'’s forward difference interpolation formula is given by

n

AOEDY (,:) Akfo (10)

k=0

Suppose the error in the ith function value is given by ¢;. Then the above table
has the numbers A¥(f; 4 ¢;) and they differ from A* f; by the amount of error
AFe; which is bounded by

|AFe;| < €28



Newton's Forward Difference Formula

t £(t) Af A2f  A3f AYf AR ASE

1250.5 1.39140
—1444

1260.5 1.37696 —1469
—2913 55

1270.5 1.34783 —1414 -3
—4327 52 97

1280.5 1.30456 —1362 94 —302
—5689 146 —205

1290.5 1.24767 —1216 —111 408
—6905 35 203

1300.5 1.17862 —1181 92 —311
—8086 127 —108

1310.5 1.09776 —1054 —16 128
—9140 111 20

1320.5 1.00636 —943 4
—10083 115

1330.5 0.90553 —828
—10911

1340.5 0.79642

Note, we multiplied the values by 10° or 109 to view the error in decimal locations. In the above table, if the values are accurately rounded
values, then e < 0.000005, therefore, errors A% f; should be not bigger than 8 units in the last place. But it is oscillatory.




Newton's Forward Difference Formula

If we subtract the average value of 10 on A*f;, then we get

—13,84, —121, 82, —26, —6, that means an error of 20 units in the last place is
committed on the —121 entry, that is the error is in 1.24767. Instead of that,
make change by —20 units in the last of that entry, that is 1.24767 becomes
1.24787, then the following table is produced. Still the A’ f; oscillates, but they
are smaller in size as the maximum error is of 16 units which should give
satisfactory results.




Newton's Forward Difference Formula

t £(t) Afi A% ASf AtYE AR ASE

1250.5 1.39140
—1444

1260.5 1.37696 —1469
—2913 55

1270.5 1.34783 —1414 17
—4327 72 -3

1280.5 1.30456 —1342 14 -2
—5669 86 —5

1290.5 1.24787 —1256 9 8
—6925 95 3

1300.5 1.17862 —1161 12 —11
—8086 107 —8

1310.5 1.09776 —1054 4 8
—9140 111 0

1320.5 1.00636 —943 4
—10083 115

1330.5 0.90553 —828
—10911

1340.5 0.79642




Newton's Backward
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Newton's Backward Difference Formula

Newton'’s forward difference formula is also a particular case of Newton’s
divided difference formula. Instead of forward sloping difference, here we use
backward sloping differences. Notations of i and f; and z; are same here.
However, we introduce another notation for backward difference.



Newton's Backward Difference Formula

Definition 7
Given a sequence { f,,}>°, define the first backward difference of f at x; by

Vfi=fi— fi-1,
and the second backward difference of f at z; by
V2fi=Vfi—Vfia,
and the k-th backward difference of f at z; by

VFf =V - VR




Newton's Backward Difference Formula

However, in order to obtain the Newton's backward difference formula, the
interpolating nodes are reordered from that last to first. The following
equations will be obtained.

Flensona] = 3 (f@n) = f@n1)) = 5 Vo

L (Vf(@n) = Vf(@na1)) _
oh ( 3 ) AR

flen, Tno1,Tpn—2] =

f[xna TIn—15""" 1 Tn— k} k'hk kan(Prove‘)




Newton's Backward Difference Formula

The following table will be used to get the Newton’s backward difference
formula

v f(z) Vfi Vif; V3fi Vi

ro  fo
Vfi
T N V2 fi
V fa V3 f
T2 fo V2 fy VA s
Vf3 V3 fy
T3 f3 V2 [y
V fa

T4 fa




Newton's Backward Difference Formula

If x = 2, + rh,then x,, — 2 = —rh,z,_1 — x = —(r + 1)h and the Newton’s
backward difference interpolation formula is given by

Pn(x):i<r+:—1>kan r:x—hxn )

k=0

or

r(r+1)
2!

.r(r+1)--~(r+n—1)
n!

Pn(x) =fon+rVf,+




Newton's Backward Difference Formula

Example 8
By means of Newton's backward difference formula, compute cosh(0.74) and
€t

% ‘ 0.5 0.6 0.7 0.8
f(x)‘1.127626 1.185465 1.255169 1.337435




Newton's Backward Difference Formula

Solution:
x f(z) Vfi V2 f; V3 fi
0.5 1.127626
0.057839
0.6 1.185465 0.011865
0.06704 0.000697
0.7 1.255169 0.012562
0.082266

0.8 1.337435




Newton's Backward Difference Formula

The interpolating polynomial is

r(r+1 r(r+1)(r+2
Pg(:l}):f3—|—TVf3—|—7( o )V2f3—l-(3)'()v2f3
rere 0.74 — 0.8
h=012=0.7423 =08 = 7“:'07_1':_0‘6

—-0.6(0.4
P5(0.74) = 1.337435 — 0.6 x 0.082266 + 2() % 0.012562

—06x04x14
6
= 1.286528

x 0.000697

cosh(0.74) = 1.286524, ¢, = 3.11 x 1076




Newton's Backward Difference Formula

h(x) Py(x)
131 Y Y
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Figure 4: Newton's Backward Difference




Thanks

Doubts and Suggestions
panch.m@iittp.ac.in

- et s s Ry
W ':y o e
A il O o g

— TIRUPATI

49



MAG633L-Numerical Analysis

Lecture 10 : Numerical Interpolation-Newton's Divided Difference Interpolation

Panchatcharam Mariappan’

TAssociate Professor
Department of Mathematics and Statistics
IIT Tirupati, Tirupati

January 23, 2025 wRet sitenfia) e feafd

g |T!-I|-j|

TIRUPATI




