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Closed Newton-Cotes
Formula



Closed Newton-Cotes Formula

The general (n + 1)-points closed Newton-Cotes formula using nodes
x; = xg +1ih,fori =0,1,2,---nwhere o = a,z, = b,h = (b—a)/nis

b n Tp
/a f(x)dxg; Um éi(x)dx] f(z;)

where /;'s are cardinal polynomials as we discussed in Lagrange
Interpolation. This method is referred as closed as it includes 2y = a and
x, = bin its computation. Equation (1) can also be written as

b n
/ fa)dr =S Aif(z:)
a =0




Method of undetermined coefficients

¢ |n fact, these values of A’s can be obtained in a different way.

® Since f is continuous and we could approximate them using polynomials,
the following tricks could help us derive the equation in an easy way.

e Since the basis of any polynomial of degree n is {1, z,22%,--- 2"}, which
has n + 1 elements, we can obtain the values of A; by evaluating it for
these basis functions.

® This process is called method of undetermined coefficients.



Method of undetermined coefficients

e Also, for simplifications purpose, let us use the change of variables and
following assumptions.

® Change of intervals: Let us formulate the rules usually on an interval
[0,1] or [-1, 1] and transform to any [c, d] using change of intervals.
e |f the formula obtained from (2) is exact for any polynomial of certain

degree over the first interval, the same is true for the transformed interval
by below theorem.




Closed Newton-Cotes Formula

In general to transform the interval [a, b] to [c, d], we can use the following
linear map, ~ : [a, b] — |c, d] defined by (Derive!)

(z) = d—c x+bc—ad
i S \b—ua b—a

Theorem 1
If v/ is continuous on the interval [a, b] and f is continuous on the range (z) =
u, then

7(b)
/ flvy x)dr = fluw)du (3)

7(a)




Closed Newton-Cotes Formula

By applying this theorem for our linear map ~ which is differentiable and +/ is
continuous we obtain that

V() = Z:Z
Y(a) =c

V(b) =d
b . d
[ o)== [ s



Closed Newton-Cotes Formula

Similarly, if we definey~! = X\ : [¢,d] — [a,b] as

b—a ad — be
) = <d—c>x+ d—c

then it can be written




Closed Newton-Cotes Formula

Now, if define A : [0, 1] — [a,b] as A\(x) = (b — a)x + a, then \(0) = a, A\(1) = b.
Therefore, it becomes

b 1
[ f@de =) [ s@yn (4)
a 0
Now, if define \ : [-1,1] — [a, b] as
Mz) = 3(b— a)a + S(a+)

then A\(—1) =a, A(0) = “T“’, A(1) = b. Therefore, it becomes

1

b 1
[tz = 50-a [ fo)a ©



Simpson's 1/3 Rule

For Simpson’s 1/3 rule, we use a quadratic polynomial, therefore, we need to
identify three unknowns Ay, A;, A,. To obtain Ay, A, Ay, let us use [—1,1]
interval. The Newton-Cotes formula becomes

1
/ @) 2 Aof (<1) + Arf(0) + A2 (1) (6)

1
f(w)zlr/ dr=Ap+ A1+ Ay = Ao+ A1 +Ay=2
—1
1
f(x):x:/ xdr = —Ag+ Ay = —Ag+A3=0
—1

1
f(x):a:Q:/ widr = Ag + Ay = A0+A2:§
-1



Simpson's 1/3 Rule
Upon simplification, we obtain that
1
AO = ga A2 =

The resulting formula is

1
[ fa)de = S0+ 470 + (1)




Simpson's 1/3 Rule
By (5), we obtain that
/abf(x)da;: b—a / FOA
%ﬁ(b—a) Ao f(A(=1)) + ALF(M0)) + Aa f(A(1))]
~ %(b—a)[f(a) +4f <a+b> + f(b)]

If h = (b—a)/2, then

/f

a)+4f(a+h)+ f(b)]

w\m




Simpson's 1/3 Rule

fix) fix)

Figure 1: Simpson's 1/3 and 3/8 Rule




Simpson's 3/8 Rule

For Simpson’s 3/8 rule, we obtain the formula on the interval [0, 1]. It uses a
cubic polynomial, therefore, we need to identify four unknowns Ag, A1, Az, A3
The Newton-Cotes formula becomes

/ ' f@)de = A0f(0) + Auf (;) Ao @ A () ®)



Simpson's 3/8 Rule

By the method of undetermined coefficients, we evaluate them on 1, z, 22, 23.

1
f(x)zli/ de=Aog+ A1+ As+ A3 = Ag+ A1+ Ay + A3 =1
0

f(l’)—x'/lxdx—lA i a Ay — ia p2a A=t
I /T R R gty T g

f(x)—xQ'/leda;—lA —|—éA + A :>1A +%A + A _1
B R ’ 97t T g2 273

L 1 8 1 8 1

3 3
=23 dv = —A1+ —Ay + A —Ap 4 Ay + Ay =
f(x)x/omx271+272+3:>271272 2T



Simpson's 3/8 Rule

Upon simplification, we obtain that

1 3
A0=A3=§,A1=A2=§

The resulting formula is

[ st g0+ r (3) +o7 (3) + s




Simpson's 3/8 Rule
By (4), we obtain that
[ rwar=0-a [ 10w
= (b— a)[AfA0)) + Arf (A (;)) Aof (A (i)) +A()]
< s0-alr@+ar (25 +ar (22) + s

If h = (b—a)/3,then

b
/ f(@)da ~ %[f(a) +3f(ath) +3f(a+2h) + F(b)]




Error in Basic
Simpson’s 1/3 Rule
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Error in Simpson's 1/3 Rule

Theorem 2 (Error in Simpson’s 1/3 Rule)
If f € C*[a,b], then the error in Simpson’s 1/3 rule is given by

1 b—a > (4)
-5 (552) 190

for some ¢ € (a,b)
Proof:
Note that, when we approach the error through first interpolation error

theorem we will get only an O((b a)* ) error term involving £ (¢) as

@) = o) = 1O - ) (0= “57) (@ =)




Error in Simpson's 1/3 Rule

However, when we approach this using Taylor polynomial about z, then for
each x € (x¢, z2), there exist £ such that

F@) = flen) + o) —21) + 3 ) = ) + ¢ Ol @ - 1)?
L@y (p — 21t

TR GICEEN

Integrating on both sides, we obtain that

_l’_

| f@xds = s ez —z0) + 3£ @)z - 01 (20— 01
4 o) — 1) = (w0 — 2)") + 52O )2 — 0)! = (20 — 1))

+ 5o VO = 20)® = (w0 — 1))



Error in Simpson's 1/3 Rule

Since
2(xg —x1) = 2(x1 — x2) = (w9 — x2) = a — b,
we have
0
[ s@xs = @0 - a) + 5 @0z =erP= oo — 1)
b—a

2(%5)°

- éf"(wl)[(wz — )i — o) + o= O @)

1

Hofu)(f)[(m—w Pz — 71)°]

_l’_



Error in Simpson's 1/3 Rule

Since ) b 2
) = of TSI R o)
we have
" xro) — X €T —a 2
flz)dz = f(z1)(b—a) +% [f( 0) (if_( al)); flaa) (b - )
1 b—a\®
+ @f@‘) (€2) ( 5 >
—a —a\’ | @ (4)
- <b : ) (o) + 4 () + faa)] — <b : > [f @) e

Loyey (0=a)’
+ e (45°)



Error in Simpson's 1/3 Rule

/38:2 f(z)dz = <b_6a> [f(z0) + 4f (z1) + f(z2)] — % < .

Hence the proof.
In terms of A, it written as

F(a) = 21 (o) + A (en) + f(aa)] — 5O




Examples in Basic
Simpson’s 1/3 Rule
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Error in Simpson's 1/3 Rule

Example 3
Evaluate

using Simpson’s 1/3 rule.

a+b
=

f(a) = 1, f(b) = 0.36878, f (“TH’> = 0.7788

a=0b=1, 0.5,

1

/01 e dy = %O[f(o) +4£(0.5) + £(1)] = 0.7472




Error in Simpson's 1/3 Rule

Example 4
Using Simpson’s 1/3 rule, the following numerical integration can be obtained.
z ., 8 8
/xdx = 22000 4 4 + 4] = 2.6667, EBi=-—-=0
0 3 3
2
32 20 -4
4 2—0
== 44 16] = 6.6667 Ei=———=—
/0 zodz 5 [0+4+16] , =EsT o
? 1 2—0 1
d ===1+24 3|=1.1112 E, = -0.0126
/0 1tz T G [1+2+ 3] ) t

2
/ V1+z2de =301 +4%v2+ /5] =29643, E, = —0.00641
0

2
/e‘”d:v =201 +4xe+4xe?=6421, E, =—0.032
0




Error in Basic
Simpson’s 1/3 Rule
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Simpson's 3/8 Rule

Due to the fact that & is multiplied by 3/8, it is referred as Simpson’s 3/8 rule.

Theorem 5
Error in Simpson’s 3/8 Rule
If f € C*[a,b], then the error in Simpson’s 3/8 rule is given by

b—a)\®
-2 (552) e

for some ¢ € (a,b)
Proof: Exercise



Some Closed
Newton-Cotes Formula
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Some Closed Newton-Cotes Formula

When n = 1, (n + 1)-points closed Newton-Cotes formula provides trapezoidal
rule. Similarly Simpson’s 1/3 rule and 3/8 rules are obtained respectively while
choosing n = 2 and n = 3. When n = 4, we obtain the following Boole’s rule

/ flx f( )+ 32f(a+h)+12f(a+2h) + 32f(a+ 3h) + 7f(b)]

with error as

~ S T (e) € € (ab)

Ey(t) = 045



Some Closed Newton-Cotes Formula

When n = 5, we obtain the six-point Newton-Cotes closed rule as follows:

/ fz 19f( )+ 75f(a + h) + 50f(a + 2h) + 50f(a + 3h)
4 75f(a +4h) + 19£(0)]

where the error is

275

EB5(t) = - 12096

W fO(¢), ¢ € (a,b)

The following theorem gives the general error term for an (n + 1)-points
closed Newton-Cotes formula. From this theorem, you can notice that when n
is even, we obtain higher accuracy compared to odd. Therefore, in practice, h
is considered as h = (b — a)/(2¥), where n = 2.



Closed Newton-Cotes Formula

Theorem 6

Suppose that ZAif(xi) denotes the (n + 1)— points closed Newton-Cotes
=0

formula with zg = a,z, = band h = (b — a)/n. Then A; = A,,_;. If nis even,

then the resulting formula is exact for any polynomials of degree n + 1.




Error in Closed Newton-Cotes Formula

Theorem 7

Suppose that ZAif(wi) denotes the (n + 1)— points closed Newton-Cotes
=0
formula with zy = a, 2z, = band h = (b—a)/n. There exists £ € (a, b) for which

b n
[ f@do =3 4if @) + Balt)
@ =0

where the error is given by

(n+2) (¢ t2(t—1)---(t—n)dt niseven, fe C"2[a,b
Eult) = n+2 e /o ni s even. fe ¢

1)! f(n+1) (t—mn)dt nisodd, f e C" [a,b]

c\
@L
@L
|
=

n+




Open Newton-Cotes
Formula
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Open Newton-Cotes Formula

® The open Newton-Cotes formula do not include the endpoints [a, b] as
nodes.

® They use only interior nodes.

® The numerical approximation for open Newton-Cotes formula is same as
(1), but, z; € (a,b).

® |n order to use the same formula (1), we redefine the points by spacing as
follows: x_1 = a,x9g = a + h, z,4+1 = b, x; = xo + ih for each
i=0,1,2,--- ;nwhereh=(b—a)/(n+2).




Midpoint Rule

For the midpoint formula, we take n = 0, then z_y = a, 29 = (a + b) /2,21 = b.
Therefore, the interior point is only zp = (a + b)/2. When we work on the
interval [0, 1], change of intervals and method of undetermined coefficients,

we obtain that )
/O F@)dz = Aof (;> (10)

By the method of undetermined coefficients, we evaluate them on 1.

1
f(:v)zl:/ dr =4y = Ao =1
0



Midpoint Rule

The resulting formula is

By (4), we obtain that

/f Yda = ( —a/f ))du = ( —a)A0f<)\<%>>
~<b—a>f<ajb>

If h = (b—a)/2,then

b
/ F(@)dz ~ 2hf(a + h)




Midpoint Rule

Theorem 8 (Error in Midpoint Rule)
If f € C?[a,b], then the error in Midpoint rule is given by

(b—a)?®

- 1(©)

Proof: By Taylor polynomial about (a + b)/2 for each z € (a, b) is given by

s (5 e (50 (=25 o (-3)




Midpoint Rule

Integrating on both sides we obtain that

/abf(x)dx:f(a‘l2‘5> (b—a)—i—%f/ (aTH)> <b_“+b >
+ 510 [(b— “‘5‘?)3 (- a;bf’

:f(a—;b> (b—a)+éf”(§) (b;a>3

Hence the proof.




Two-Point Newton-Cotes Open Rule

For the Two-point formula, we take n = 1, then
x_1 =a,z9 = (a+b)/3,20 = 2(a + b)/3,z2 = b. Therefore, the interior points
areonly zg = (a+b)/3 and z; = 2(a + b)/3. When we work on the interval

[0, 1], change of intervals and method of undetermined coefficients, we obtain

that .
/0 Fle)de = Aof (;) A (i) (12)



Two-Point Newton-Cotes Open Rule
By the method of undetermined coefficients, we evaluate them on {1, z}.
1
f(.%')—l/ dl':Ao—FAl —— Ao—l-Al:l
0
! 1 2 1 2 1

Solving for Ay, A1, we obtain that 4o = 1/2, 4, = 1/2.




Two-Point Newton-Cotes Open Rule

The resulting formula is

/ o~ 1f (;) .y @

By (4), we obtain that

b— a)Aof <)\ (;)) +(b—a)Arf (A <§)>
a - b—a




Two-Point Newton-Cotes Open Rule

If h=(b—a)/3,then

/f Fla+h) + fla+2h)]




Two-Point Newton-Cotes Open Rule

Theorem 9 (Error in Two-point Newton-Cotes Open Rule)
If f € C?[a, b, then the error in Two-point rule is given by

(b — a)3 "
e

for some ¢ € (a,b)




Midpoint Rule

Example 10
Evaluate

using Midpoint rule.

a:O,bzl,a;b:O.E),f(a;—b) = 0.7788

1
/ e dx = (1 — 0)£(0.5) = 0.7788
0




Two-Point Newton-Cotes Open Rule

Example 11
Using Two-Point Newton-Cotes open rule, the following numerical integration
can be obtained.

2
2
[o -+ -8 B
0
’ 1 3—0 1
/0 —dr =305+ =125 E =0.1363

3
/ V1+a2de =330[V2+ 6] =5.0673, E;=—0.5853
0

3
/ e'dv  =3Lle+¢e?=1516, E;=3.9246
0




Some Open
Newton-Cotes Formula
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Some Open Newton-Cotes Formula

When n = 0, open Newton-Cotes formula provides Midpoint rule. Similarly,
when n = 1, it yields the two-point Newton-Cotes open rule. When n = 3, the
following three point Newton-Cotes open rule is obtained

/ fa 2f(a+h) Fla+2R) +2f(a + 3h)]

with error as

1550 ¢). ¢ € (a,0)

Es(t) = I




Some Open Newton-Cotes Formula

When n = 4, we obtain the following four-point Newton-Cotes open rule

/ f(x 11f(a+h)—|—f(a+2h)+f( +3h) + 11f(a + 4h)]

where the error is

Bi(t) = P O(6),€ € (a,D)




Some Open Newton-Cotes Formula

When n = 5, we obtain the following five-point Newton-Cotes open rule

/ f@ 11f(a+h) —14f(a+2h) + 26f(a + 3h) — 14f(a + 4h) + 11 f(a

where the error is

By(t) = — 13 h F9(6), € € (@)

The following theorem gives the general error term for an (n + 1)-points
closed Newton-Cotes formula.



Some Open Newton-Cotes Formula

Theorem 12 .,

Suppose that Z A; f(z;) denotes the open Newton-Cotes formula with z_; =
i=0

a4y Tp+l = ba To = (l-f—h,.’l'i = I0+Zh72 =0,1,2,--- anWhereh = (b_a)/(n+2)

There exists ¢ € (a, b) for which

b n
[ #@)de =3 aif (@) + Ealt
@ i=0

where the error is given by

i (n 3 Fo+2) ¢ / 2(t—1)--(t—n)dt niseven, f e C+?
En(t) —

ol
( +1 f(”+1) / tt—1)---(t —n)dt nisodd, f e Cnt!
n 1
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