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Higher Order Taylor
Series Method



IVP

The first order differential equation

d
Y= fty)to<t<T
dt

with an initial condition

y(to) = yo




Taylor Series

Basic building block of numerical method: Taylor series.
Taylor series of y at ¢ + h, then we have

1 1
y(t+h) =y(t)+hy'(t) +§h2y"(f)+§h3y'"( IR ] hm y )+

When m = 1, we obtain the Taylor series method of order 1, that is called

Euler's method.
t+h

f@t,y(t)dt = hf(t,y(t)),

t




Higher Order Taylor Series Method

Example 1
Apply Taylor's method of order (a) two and (b) four with n = 10 to the IVP
y=1-t2+y 0<t<2y(0)=0.5.




Higher Order Taylor Series Method

Solution

1 1
y(t+h) = y(t)+hy'(t) +§h2y"(t)+§h3y"’( )+ - +— hm y ™ () +- -

For m = 2, we have

2
(tiar) = y(b) + hF (5, u(E) + U+ fof

Now, fir = —2t, fy =1
2

h
orll =t +yt) - 2]

ot = ot + (ot ) 0= ote) — 21 — 22

y(tirr) = y(ti) + (1 — 7 + y(t:)) +




Higher Order Taylor Series Method

t; y(tz) Yexact (tz) E;

0.0 0.5 0.5 0.0000
0.2 0.83 0.8292 0.0292
0.4 1.2158 1.214 0.0017
0.6 1.6521 1.6489 0.0031
0.8 21323 21272 0.0051
1.0 2.6486 2.6408 0.0077
1.2 31913  3.1799 0.0114
1.4 3.7486 3.7324 0.0162
1.6 43061 4.2834 0.0226
1.8 4.8462 4.8151 0.0311
2.0 53476 5.3054 0.0422




Higher Order Taylor Series Method

For m = 4, we have
fl=y—t*+1-2t
=y —2t—2=y—t>—2t—1
=y —2t—2=y—t*-2t-1




Higher Order Taylor Series Method

i) = u(t) + h(1 = 2 4+ (1)) + [l — 2+ (1) — 24,

h3 9 h* 9
+§[y—ti—Qti—l]—l—ﬂ[y—ti—%i—l]
h2  h3  pt )
; — 4 — t;) —t3
y(tis1) = y(ti) + <h+ 5>+t +24> [y(t:) — t7]

< )h2t+h+h2—hg—h4




Higher Order Taylor Series Method

t; y(tz) yexact(ti) E;

0.0 0.5 0.5 0.0000
0.2 0.8293 0.8292 0.000001
0.4 1.2141 1.214 0.000003
0.6 1.6489 1.6489 0.000006
0.8 21272 21272 0.000010
1.0 2.6408 2.6408 0.000015
1.2 31799 3.1799 0.000023
1.4 3.7324 3.7324 0.000032
1.6 4.2832 4.2834 0.000045
1.8 4.8152 48151 0.000062
2.0 5.3055 53054 0.000083




Higher Order Taylor Series Method

Theorem 2
If Taylor's method of order n is used to approximate the solution to

yl(t) = f(ta y(t))v to<t<T, y(tO) =Y0

with step size h and if y € C"*[ty, T, the the local truncation error is O(h™).




Runge-Kutta Method

1



Runge-Kutta Method

Taylor series. But, Taylor series in two variables. The infinite series is

fesnyen =Y 5 (ng kg ) fe)
i=0




Runge-Kutta Method

B O\! _of  of
(h—-l-k?—y) f(t,y)—ha'i'ka—y

0% f 0% f 0% f

a 2 2 2
= = - p2Z L ZJ oy 27 )
(hat-l-k:ay) flty) =m0 +2hkatay+ 5




Runge-Kutta Method

The truncated Taylor series in two variables is given by

1,0 0
fsnyn =Y 5 (ng k) Fe)

=0

1 0 0

b (hg ) 60

where (&, ¢) lies on the line segment that joins (¢,y) to (t + h,y + k).




Runge-Kutta Method or Order 2

In the Runge-Kutta method of order 2, a formula is adopted that has two
function evaluations of the special form

Kl = hf(t7y)
K2 = hf(t + ah,y + ,BKl)

and a linear combination of K and K> is added to the value of y at ¢ to obtain

thevaluesatt+h
y(t + h) = y(t) + w1K1 + w2K2



Runge-Kutta Method or Order 2

y(t+h) = y(t) +wihf(t,y) + wohf(t + ah,y + Bhf(t,y))

2
F(t+ ahyy + Bhf) = f + ahfi+ Bhff, + (ah 9 | By ‘9) 1(6.0)

Truncated Taylor series

y(t + h) = y(t) + (w1 +w2)hf(t,y) + awsh?f; + 5w2h2ffy +O(h?)

y(t+h) :y(t)+hy/(t)+%h2y”(t)+$h3 () et hm y™(t) +--- (6)



Runge-Kutta Method or Order 2
By Comparing

w, +wy =1

1
AWy = —
72
1
Pwy = 5
Four unknowns, but three equations. Conveniently, let us choose a = 1, then
- ! 1 = [f=1
w1 =g, =g =

The resulting second-order Runge-Kutta method is given by

YE+ ) = y(0) + o f(69) + 7+ by + B (Ey) )




Runge-Kutta Method or Order 2

e+ h) = y(0) + 5Ky + K)

where

Ky = hf(tay)
K2 = hf(t+h,y+K1)

Since the selection of « is arbitrary, in particular, if we choose o = 3, we have

1 1 1
wy =1— — wy = —
! 2 2 20



Runge-Kutta Method or Order 2

Theorem 3
The error term for Runge-Kutta methods of order 2 is

3 2
o) (5o ) ()

That is O(h?).
Proof:
A general explicit Runge-Kutta method of order 2 is given by:

kl = f(tvy)a
ko = f(t + ah,y + ahky),

1 1
Yn+1 :y+h<(1—> k1+/€2>,
20 2

where « is a method parameter.




Runge-Kutta Method or Order 2

We expand the exact solution at ¢ + h:
h? h3
y(t+h) =y+hy' + "+ =y + 00"
Using the chain rule:
y =,
y” = ft + fyf:

2 2
@_(d\ ,_(9 .9
y _<dt> f_<8t+f6y) f.




Runge-Kutta Method or Order 2

We expand K5:
Ky = f(t+ ah,y + ahf)

2
= frah(f+ £y + O

(fre+2ffoy + f 2 fyy) +O(R%)

Substitute into the RK2 formula:

1
yn+1=y+h(<1—2>f+K2

3
—ythfr (ft FIR)+ O (ot 20 fog + P ) + O




Runge-Kutta Method or Order 2

Compare the true solution with the RK2 approximation:
LTE = y(t + h) — Ynt1

3 2
<y+hf+ (ot TR+ f;(§t+f§y) f)

3
(y hpr (ft + [ 1)+ = (fu+2f fy + foyy)) +O(n?)

Simplify the cubic term difference:

1

LTE = (6 - O‘) W (fit + 21 fiy + 2 fyy) + O(BY)

_ %, 0\ d
(G-a) (5+7a) 1+%s (5 +ia) i +ow

4 \3

Hence the Proof.



Runge-Kutta Method or Order 3

In the Runge-Kutta method of order 3 we need to evaluate the function three

times. Its formula is given by

where

1
y(t + h) == y(t) + §(2K1 + 3K2 + 4K3)

Ky = hf(t7y)

1 1
K2 = hf(t + §h,y + §K1)

3 3
Kg = hf(t + Zh,y + ZKQ)

(8)



Runge-Kutta Method or Order 4

Runge-Kutta method of order 2 is not widely used in large computers as its
error is only O(h?). The classical fourth order Runge-Kutta method is widely
used in IVP. Its formula is given by

(t+B) = y(0) + Ky + 2K + 2Ky + K) ©)
where
Ky =hf(ty)
Ko =hf(t+ %h,y -+ %Kl)

1 1
K3 = hf(t + §h,y + 5K2)

The derivation of fourth order is very tedious. If you would like to know, refer
Henrici book.



Runge-Kutta Method

Example 4
Using the RK2,RK3 and RK4 method, solve the following IVP: i/ = 1—t2+y 0 <
t <2,9(0)=0.5. withn =10




Runge-Kutta Method

The following table shows RK2, RK3 and RK4 methods approximations and
errors

t; Yewact(ti)  RK2(t;) Ey RE3(t;) By RKA(t;) Ey

0 0.5000 0.5000 0 0.5000 0 0.5000 0
0.2000 0.8293 0.8260 0.0033 0.8292 0.0001 0.8293 0.0000
0.4000 1.2141 1.2069 0.0072 1.2139 0.0002 1.2141 0.0000
0.6000 1.6489 1.6372 0.0117 1.6486 0.0003 1.6489 0.0000
0.8000 21272 2.1102 0.0170 2.1267 0.0005 21272 0.0000
1.0000 2.6409 2.6177 0.0232 2.6402 0.0006 2.6408 0.0000
1.2000 3.1799 3.1496 0.0304 3.1791 0.0008 3.1799 0.0000
1.4000 3.7324 3.6937 0.0387 3.7314 0.0010 3.7323 0.0001
1.6000 4.2835 4.2351 0.0484 4.2822 0.0013 4.2834 0.0001
1.8000 4.8152 4.7556 0.0596 4.8137 0.0015 4.8151 0.0001

2.0000 5.3055 5.2331 0.0724 5.3037 0.0017 5.3054 0.0001




Runge-Kutta Method

55

*  RK2
+ RK3
RK4
exact

0.5




Multistep Methods
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Multistep Method

Definition 5 (m-step multistep method)

An m-step multistep method for solving the IVP (??) has a difference function
for finding the approximation y(¢;+1) represented by the following equation,
where m is an integer greater than 1:

m—1 m—1

7'+1 Zajy’lmjl) +h bez(mgl)y(z(mjl)))

j=0 J=0
+hom f (tiv1, y(tiv1))

fori=m —1,m,---,n—1, where h = (T' - t9)/n, s and b}s are constants
and yo,y(t1),y(t2) - - - , y(tm-1) are specified.




Multistep Method

Y(tiv1) = Gm—1Yi + am—2Yi—1 + - + QYir1-m
+ hlbm-1f(ti, yi) + bm—a2f(ti-1,9i-1)
+ - bof(tir1—ms Yir1—m)]
+ hbm f (tit1,y(tiv1))
When b,,, = 0, the method is called explicit or open as y(¢;+1) is written

explicitly in terms of previous values. When b,,, # 0, it is called implicit
method or closed as y(¢;41) occur on both sides of the equation.




Multistep Method

y(tisn) — y(ts) = / Tyt = / T )t

— (i) = o)+ [ )

Since f is continuous, we can use a corresponding interpolating polynomial
P(t)to f(t,y(t)) using data points

(ts £y (D), (bimt St 1, u(Em D)) (i (1) F (i (m 1) Ut (m—1)))-

Since P(t) is the interpolating polynomial of f(¢,y(t)), we have

Y(tin) = y(t) + / " Py

t;
Newton backward or forward difference for interpolating polynomial.
Adams-Bashforth explicit m-step methods - backward difference polynomial
Pm—l(t)-




Multistep Method

Multistep method can be written as

ltien) = 96+ | Fscp(6) + 59600 (0) + 9 t(0)

393 prp iy o 2 o
+ gv f(tuy(tl)) + 720V f(t“y(tl))
95

* 288v5f(tiay(ti))] + KR (6, y(6))




Adams-Bashforth
method

33



Adams-Bashforth method

It is an explicit method. Therefore, vy, y1, - - - v,n_1 Must be specified. Further,
bm_1,- - ,bg must be specified. a,, 1 =1anday=a; =--- =amym_2 =0 = by,.



Adams-Bashforth Two-Step Explicit Method

Specify yo and y1, then compute . Let us derive two-step Adams-Bashforth
method from equation (10). Here m = 2. Therefore we have

Vt2) = 9(6) + [ F(6(0)) + V()|

— () + 1 [0 y(0) + 31 00009) = 110060
= y(t) + 2 Bt u(t) — F(tiry(ti)]
i) = (t) + LB (E) — £t 1.t 1) )

wherei =1,2,---

,n— 1. The error is

5 .1

129

(&)h? for some ¢; €

(tim1,tiv1)-




Adams-Bashforth Three-Step Explicit Method

Specify yo, y1 and ys, then compute. Let us derive three-step
Adams-Bashforth method from equation (10) Here m = 3. Therefore we have

Vt2) = 9(6) 4 [ (0 (0)) + 5V 0(8) + 59 03(00)

= () + 0 00) + 1600 0) = i, so0)

+ ° Lf(ti,y(ti) — 2f (tio1, y(tio1)) + f(ti—27?/(ti—2))]}

2
= y(t) + 15 [23 (6, y(t0)) — 165 (11, (1)
+ 5f(ti—2,y(ti-2))]



Adams-Bashforth Three-Step Explicit Method

Y(tisr) = o) + 1o 285t y(8) ~ 167 (v y(tin)  (12)
+5f(tim2,y(ti-2))] (13)

wherei = 2,3 ,n — 1. The error is 3y (¢)h? for some &; € (ti—2,tit1).



Adams-Bashforth Four-Step Explicit Method

Specify 49, y1, y2 and y3, then we can derive the following from (10)

1) = () + 575556 yt) =595 (v plti)) (1)
+37f(ti2,y(ti-2)) — 9f (i3, y(ti-3))] (15)

wherei =3,4,--- ,n— 1. The error is 21y®)(&)n* for some & € (ti—3, ti1).



Adams-Bashforth Five-Step Explicit Method

Specify yo, y1, y2, y3 and y4, then we can derive the following equation from
(10).

ti11) = y(02) + oo 190101, (1)) — 2T74F (11, y(ti 1))

+ 2616 f(ti—2, y(ti—2)) — 1274 f (ti-3, y(ti=3))
+ 251 f (ti—a,y(ti-a))]

where i = 4,5,--- ,n— 1. The error is 52y (&)h* for some & € (ti—q, tit1).




Adams-Bashforth

Example 6
Using the Adams-Bashforth two-three-four- and five-step explicit methods,

solving the following IVP: 3/ = 1 —t* +y 0 <t < 2,9(0) = 0.5. use the
following information appropriately y(0.2) = 0.8293,y(0.4) = 1.2141, y(0.6) =
1.6489,y(0.8) = 2.1272 with n = 10.




Adams-Bashforth

The following table shows Adams-Bashforth two-,three-,four- and five-steps
explicit methods approximations and errors

55
%
5F *  AB2 ]
- AB3 P
45F AB4
A ABS I3
4t exact yd
yd
K
35 yd
/K/
> 3 e
/
..

25} P

2+ A

// g
)4
15F e
e
- &/
o

05

0 0.5 1 1.5 2



Adams-Bashforth

t Yewact (ti)  AB2(t;) Ey AB3(t;) Ey ABA(t;) Ey AB5(t;) Ey

0 0.5000 0.5000 0 0.5000 0 0.5000 0 0.5000 0
0.2000 0.8293 0.8293 0.0000 0.8293 0.0000 0.8293 0.0000 0.8293 0.0000
0.4000 1.2141 1.2161 0.0020 1.2141 0.0000 1.2141 0.0000 1.2141 0.0000
0.6000 1.6489 1.6540 0.0050 1.6494 0.0004 1.6489 0.0000 1.6489 0.0000
0.8000 21272 2.1366 0.0093 2.1283 0.001 2.1272 0.0000 21272 0.0000
1.0000 2.6409 2.6561 0.0153 2.6428 0.0020 2.6410 0.0002 2.6409 0.0000
1.2000 3.1799 3.2033 0.0234 3.1831 0.0032 3.1803 0.0003 3.1800 0.0000
1.4000 3.7324 3.7667 0.0343 3.7373 0.0049 3.7330 0.0006 3.7325 0.0001
1.6000 4.2835 4.3324 0.0489 4.2906 0.0071 4.2844 0.0009 4.2836 0.0001
1.8000 4.8152 4.8835 0.0683 4.8254 0.0102 4.8165 0.0013 4.8154 0.0002
2.0000 5.3055 5.3992 0.0938 5.3197 0.0142 5.3074 0.0019 5.3057 0.0003




Adams-Moulton
method
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Adams-Moulton technique

Adams-Moulton method is obtained by using an additional interpolation node
(tit1, f(tix1,y(ti+1))) in the approximation of the integral

| e

It is an implicit method. We have to specify yo, y1,y2, - - , ym—_1. Further
b, bm_1,- -+ ,bg must be specified. a,,, 1 =1anday=a; = -+ = a;,_o = 0.



Adams-Moulton One-Step Implicit Method

Here vy, must be specified. By employing trapezoidal rule for the integration
produces the following result. Here m = 1. Therefore we have

Vlt2) = 9(6) 4 [ (6, 0(00) + 39 ()|
= (6 + | F(09(0) + i) = S0

(1) + Ut (i) + £t y(t)

2
h
y(tiv1) = y(ti) + §[f(ti+17 y(tiv1)) + [t y(t))] (16)
wherei =0,1,2,--- ,n — 1. The error is — 5,y (&)h® for some

& € (tim1,tiyr).



Adams-Moulton Two-Step Implicit Method

Here 1, and y; must be specified. Here m = 2. Therefore we have
Vltien) (6 + | P8 + 570 (00) + 157 t(0)|
= 006+ 0 00) + 516 0000) = FCica, i)

+

U7 0(60)) = 245 p(8) + F 6,y

=y(t;) + 1% [5f(tir1,y(tiv1)) + 8f (ti, y(ti) — 5f (ti-1,y(ti-1))]

y(tiv1) = y(ti) + i 13 0f (i y(tivn)) + 8F(ti, y(ts) — f(tim1, y(ti1))] (17)

wherei =1,2,--- ,n— 1. The error is —24y Y (&)h? forsome & € (ti_1,tis1).



Adams-Moulton Three-Step Implicit Method

We must specify 1o, y1 and y» and the formula is

(ti1) = y(t) + o597 (i1, y(tisn) + 197t (8)
= 5f(tim1, y(tiz1)) + f(ti—2,y(ti—2))]

where i =2,3,--- ,n— 1. The error is — 2y (&) h* for some &; € (t;—2,ti41).



Adams-Moulton Four-Step Implicit Method

We must specify v, y1, y2 and y3 and the formula is

1) = y(8) + o5 251 (g1, y(ts41)) + 646 (5, (1)

—264f(ti—1,y(ti—1)) + 106 f (ti—2,y(ti—2)) — 19f (ti—3,y(ti-3))]

wherei = 3,4,--- ,n — 1. The error is — ©6)(&;)h° for some ¢; € (ti—s, tit1).
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Doubts and Suggestions
panch.m@iittp.ac.in

- et s s Ry
W ':y o e
A il O o g

— TIRUPATI

49



MAG633L-Numerical Analysis

Lecture 39 : Numerical Differentiation - Higher Order Taylor’s Method

Panchatcharam Mariappan’

TAssociate Professor
Department of Mathematics and Statistics
IIT Tirupati, Tirupati

April 23, 2025 wRet sitenfia) e feafd

g |T!-I|-j|

TIRUPATI




