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Multistep Methods



Multistep Method

Definition 1 (m-step multistep method)

An m-step multistep method for solving the IVP (??) has a difference function
for finding the approximation y(¢;+1) represented by the following equation,
where m is an integer greater than 1:

m—1 m—1

7'+1 Zajy’lmjl) +h bez(mgl)y(z(mjl)))

j=0 J=0
+hom f (tiv1, y(tiv1))

fori=m —1,m,---,n—1, where h = (T' - t9)/n, as and b}s are constants
and yo,y(t1),y(t2) - - - , y(tm-1) are specified.




Multistep Method

Y(tiv1) = Gm—1Yi + am—2Yi—1 + - + QYir1-m
+ hlbm-1f(ti, yi) + bm—a2f(ti-1,9i-1)
+ - bof (tir1—ms Yir1-m)]
+ hbm f (tit1,y(tiv1))
When b,,, = 0, the method is called explicit or open as y(¢;+1) is written

explicitly in terms of previous values. When b,,, # 0, it is called an implicit
method or closed as y(¢;41) occurs on both sides of the equation.




Multistep Method

y(tisn) — y(ts) = / Tyt = / Tyt

— ) =u+ [ e

Since f is continuous, we can use a corresponding interpolating polynomial
P(t)to f(t,y(t)) using data points

(ts £y (D), (bimt, St 1, u(Em D)) (i (1) F (i (m 1) Ut (m—1)))-

Since P(t) is the interpolating polynomial of f(¢,y(t)), we have

Y(tin) = y(ts) + / " Py

ti
Newton backward or forward difference for an interpolating polynomial.
Adams-Bashforth explicit m-step methods - backward difference polynomial
Pm—l(t)-




Multistep Method

The multistep method can be written as

ltien) = 96 + | Fscp(6) + 59600 (0) + 9 ts(e)

393 pip iy o 2 o,
+ gv f(tuy(tl)) + 720V f(t“y(tl))
95
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Adams-Bashforth method

It is an explicit method. Therefore, vy, y1, - - - v,n_1 Must be specified. Further,
bm_1,- - ,bg must be specified. a,, 1 =1landay=a; =--- =amym_2 =0 = by,.



Adams-Bashforth Two-Step Explicit Method

Specify yo and 1, then compute . Let us derive the two-step Adams-Bashforth
method from equation (1). Here m = 2. Therefore we have

Vt2) = 9(6) 4 [ F(6(0)) + 9 ()|

— () + 1 [0 y(0) + 31 00009) = S 110060
= y(t) + 2 B(tu(t) — F(tiy(ti)]
(i) = (k) + 2137t y(8) — F(tior,y(ti)] @

wherei =1,2,--- ,n— 1. The error is 2y (&)h? for some &; € (ti—1,tit1).



Adams-Bashforth Three-Step Explicit Method

Specify yo, y1, and ys, then compute. Let us derive the three-step
Adams-Bashforth method from equation (1) Here m = 3. Therefore we have

Vt2) ~ 9(6) 4 [ (0 0(0)) + 5V 0(8) + 59 0300)

= () + 0 09) + 100 0) ~ Cima, o)

+ ° [f(ti,y(ti) — 2f (tio1, y(tio1)) + f(ti—27?/(ti—2))]}

2
= y(t) + 15 [23f (6, y(t0)) — 165 (1 (1)
+ 5f(tim2, y(ti-2))]




Adams-Bashforth Three-Step Explicit Method

(tier) = y(t) + o230, y(t)) ~ 16£(ti1,y(t: 1)
+5f(tim2, y(ti—2))]

wherei = 2,3 ,n — 1. The error is 3y (¢)h? for some & € (ti—2,ti11).




Adams-Bashforth Four-Step Explicit Method

Specify 59, y1, y2 and y3, then we can derive the following from (1)

Ytisn) = (1) + 5el55F (1, y(t:)) — 597 (1,0t 1))
T (b y(ti2)) — 9 (tis y(ti—3))]

wherei =3,4,--- ,n— 1. The error is 21y (&)n* for some & € (ti—3, ti1).




Adams-Bashforth Five-Step Explicit Method

Specify yo, y1, y2, y3 and y4, then we can derive the following equation from (1).

y(tiv1) = y(t:) + %0[1901f(tuy(ti)) — 2774 f(tim1,y(ti-1))

+ 2616 f (ti—2,y(ti—2)) — 1274 (ti-3,y(ti-3))
+ 251f(ti_4, y(ti_4))]

wherei =4,5,--- ,n— 1. The error is 5y (&)h* for some & € (ti—a, tit1).



Adams-Bashforth

Example 2
Using the Adams-Bashforth two-, three-, four- and five-step explicit methods,

solving the following IVP: 3/ = 1 —t* +y 0 <t < 2,94(0) = 0.5. use the
following information appropriately y(0.2) = 0.8293,y(0.4) = 1.2141, y(0.6) =
1.6489,y(0.8) = 2.1272 with n = 10.




Adams-Bashforth

The following table shows Adams-Bashforth two-, three-, four-, and five-step
explicit methods’ approximations and errors
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Adams-Bashforth

t Yewact (ti)  AB2(t;) Ey AB3(t;) Ey ABA(t;) Ey AB5(t;) Ey

0 0.5000 0.5000 0 0.5000 0 0.5000 0 0.5000 0
0.2000 0.8293 0.8293 0.0000 0.8293 0.0000 0.8293 0.0000 0.8293 0.0000
0.4000 1.2141 1.2161 0.0020 1.2141 0.0000 1.2141 0.0000 1.2141 0.0000
0.6000 1.6489 1.6540 0.0050 1.6494 0.0004 1.6489 0.0000 1.6489 0.0000
0.8000 21272 2.1366 0.0093 2.1283 0.001 2.1272 0.0000 21272 0.0000
1.0000 2.6409 2.6561 0.0153 2.6428 0.0020 2.6410 0.0002 2.6409 0.0000
1.2000 3.1799 3.2033 0.0234 3.1831 0.0032 3.1803 0.0003 3.1800 0.0000
1.4000 3.7324 3.7667 0.0343 3.7373 0.0049 3.7330 0.0006 3.7325 0.0001
1.6000 4.2835 4.3324 0.0489 4.2906 0.0071 4.2844 0.0009 4.2836 0.0001
1.8000 4.8152 4.8835 0.0683 4.8254 0.0102 4.8165 0.0013 4.8154 0.0002
2.0000 5.3055 5.3992 0.0938 5.3197 0.0142 5.3074 0.0019 5.3057 0.0003




Adams-Moulton
method
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Adams-Moulton technique

Adams-Moulton method is obtained by using an additional interpolation node
(tit1, f(tix1,y(ti+1))) in the approximation of the integral

| ey

It is an implicit method. We have to specify yo, y1, %2, - - , ym—_1. Further
b, bm—_1,- -+ ,bg must be specified. a,,, 1 =1anday=a; =+ = a;,_2 = 0.



Adams-Moulton One-Step Implicit Method

Here, yo must be specified. Employing the trapezoidal rule for the integration
produces the following result. Here m = 1. Therefore we have

Vlt2) ~ 0(6) 4 [ (6, 0(00) + 39 ()|

= (6 + | F(09(0) + G ian)) = £t

= (1) + U, yltia)) + S5, 5(0)]

(tisr) = ylt) + S 1S, y(tn)) + F (o (8)] @)

wherei =0,1,2,--- ,n — 1. The error is — 5y (&)h® for some
& € (tim1,tiy1)-




Adams-Moulton Two-Step Implicit Method

Here, 3o and y; must be specified. Here m = 2. Therefore we have
Vlti2) 96+ | P8 + 50 (00) + 157 t(0)|
= 006+ 0 00) + 516 0000) = S, (i)

+

U 0(t)) = 245 p(8) + F 6, w6

=y(t;) + 1% [5f(tir1,y(tiv1)) + 8f (ti, y(ti)) — 5f (ti-1,y(ti-1))]

y(tiv1) = y(ti) + ! 15 0f (v, y(tien)) + 8t y(8)) = f(timr y(tim))] | (8)

wherei =1,2,--- ,n— 1. The error is —24y Y (&)h3 forsome & € (ti_1,tis1).



Adams-Moulton Three-Step Implicit Method

We must specify 1o, y1 and y» and the formula is

(tir) = y(t) + o597 (i1, y(tisn)) + 197t (5)
= 5f(tim1,y(tiz1)) + f(ti—2,y(ti—2))]

where i =2,3,--- ,n— 1. The error is — 2%y (&;)h* for some &; € (t;—2,ti41).



Adams-Moulton Four-Step Implicit Method

We must specify v, y1, y2 and y3 and the formula is

1) = y(8) + o5 251 (g1, y(ts41)) + 646 (5, (1)

—264f(ti—1,y(ti—1)) + 106 f (ti—2,y(ti—2)) — 19f (ti—3,y(ti-3))]

wherei = 3,4,--- ,n — 1. The error is — ©6)(&;)h° for some ¢; € (ti—s, tit1).



BVP
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BVP

e Similar to IVP.

e A BVP has conditions specified at the boundaries of the independent
variables.




BVP

Deflection of Beam ) @)

d“w s q(x

el TS Yoy
No deflection at the ends of the beams

w(0)=0, w()=0




BVP

The second-order differential equation

d2y

@ = f(x7y(x)7y/(x))7a <z<b

together with two boundary conditions
y(a) = a,y(b) = B

It is called the two-point boundary variable problem.




BVP or IVP

Classify as BVP and IVP

1.

2
Y = 2t +et,t >0, y(0)=0,y(0) =2
CPY g5y, 0<a <1, y(0)=4,y(1

dx?

dz3

2 5

3. Py Y=ay+a23e”,0<x<1, y0)=y(1)=0,4(0)=1
4. )

5. T4 +4y=0,0<x <7, y(0)=-2,y(%) =10

d2

)
) )

Y = ay + (2% — 22%)e", x> 0, y(0) = /(0) = 0,5"(0) = 1
™
4




Boundary Conditions
A linear combination of y and 3’ at the boundary points
ary(a) + 01y (a) = «

agy(b) + bay/ (b) = B

Dirichlet: a1,as # 0and by, b =0

® Neumann: a;,a; = 0and by, by # 0

Robin: a1, as,b1,b2 # 0

Mixed: a; # 0,b2 # 0,a2 = 0,b; =00ras # 0,b1 # 0,a1 =0,b2 =0
Cauchy: y(a) = a,y/'(a) = 5.




BCs
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Dirichlet Boundary Conditions
Ly — 4r +5y,0<z <1, y(0)=4,y(1) =5

® Essential

® Fixed

® First Type




Neumann Boundary Conditions

Py —dr+5y,0<a <1, y(0)=4y(1)=5

de?
e Natural




Robin Boundary Conditions

Ly — 4x 4 5y,0 <z <1, 2y(0) +3y/(1) = 4,4y(0) +8y/(1) = 5




Mixed Boundary Conditions

P =4z +5y,0< <1, y(0)=4,9(1) =5




Cauchy Boundary Conditions

P =42 +5y,0< <1, y(0)=4,4(0)=5




Boundary Conditions

In general, if we have a differential equation defined on a domain 2 ¢ R™ and
its boundary conditions prescribed at the boundary of the domain 09, it is
called a boundary value problem.



BVP

Theorem 3
Suppose the function f in the boundary-value problem

y'=f(z,y,9), a<xz<b, yla)=o,yb) =7
is continuous on the set
Q={(z,y,9):a<x<b—00<y<o00,—00<y <oo}

and that the partial derivatives f, and f, are also continuous on Q. If
1. fy(z,y,y) >0 forall (z,y,y') € 2 and
2. there exists a constant M such that

|fy (2, y,y)| <M forall (z,y,y') €

then the BVP has a unique solution.



BVP

Show that the BVP
y' +e ™ +siny =0, 1<2<2, y(l)=y(2)=0

has a unique solution.

Solution 4
We have
f@,y,y) = —e~™ —siny/, Vz € [l,2]
Also,
fy(z,y,y) =xe™™ >0
and

|fy’(xayay,)‘ = | - COSyl| <1

Therefore, it satisfies all conditions of the above theorem, and hence it has a
unigue solution.




Linear BVP
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Linear BVP

The differential equation
y' = f(z,9.9)
is linear when there exists functions p(z), ¢(z) and r(z) such that

f@,y,9") = p(x)y + q(z)y + r(z)




Linear BVP

Theorem 5
Suppose linear BVP

Z

y' =p@)y +q@)y+r), a<z<b yla)=o,ybd) =4

satisfies
1. p(z), q(x),r(x) € Cla,b]
2. q(z) > 0 Then the BVP has a unique solution.




Linear IVP

Theorem 6
If the initial value problem

1

y' =p@)y +q@)y+r(x), a<z<b yla)=a,y(a)=4

satisfies
1. p(z), q(x),r(z) € Cla,b]
2. q(x) > 0 Then the IVP has a unique solution.
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