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ﬁﬁﬁ Straight Line
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(X2,¥2)

Y2 — V1
X2 —Xq

y=J’1‘|‘( )(x—xl)

(x1,¥1)
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ET Straight Line

oy Y = V1T (Z :2) (x — x1)
y = f(x)
y1 = f(xq1)
V2 = f(x2)
(x1, f(x1)) .
f(x)=f(x1) + (f(x;) = i(xl)) (x — x1)
2 1
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(%2, ¥2)
)
Y2 — W1
=y T X—X
Y =MW (xz—x1>( 1)
N
< Y2 1
X2 — X1

! y =y, +m(x —xq)
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el SN dwerr fredf

i i Slope
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(X1 + Axyq,y +$A3’1)
Y2 — V1

X2 — X1

y:)’1+(

I[CV

! y =y, +m(x —xq)
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el SN dwerr fredf

i i i
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f@ﬁ—f@ﬂ)@_xﬂ

f(X)=f(x1)+(

X2 — X1
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el SN dwerr fredf

i i Slope
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(x1 + Axy, (x4 + Axy))

W y:)’1+<y2_Y1>(x—x1)

~ X2 — Xq
> y = f(x)
T y1 = f(x1)

V2 = f(x1 + Axq)

F) = Fxn) + (f (¥ 4%) = (x”) (x —2,)

Axq
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TIT Slope
TIRUPATI

(x1 + Axy, (x4 + Axy))

|

y=7f)

« (S =(xv + ™)/

d
FO) = Flx) + (d—ﬁ) (x — 1)

X=X1

fO) = fe) + ) (x — x1)
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el SN dwerr fredf

ET Taylor’s Theorem
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C f(n)(xo)hn
flg+h) = ) "0+ Ry(®)
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el SN dwerr fredf

TIRUPATI
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Taylor's Approximation

f(xo+h) =f(xo) + f'(xg)h + Ry (x)
f(xg+h)—f(xg) = f'(xg)h + Ry (x)
Dividing by h

[0t 1) _f60) _ pyi s P




el SN dwerr fredf

i i i fi Taylor's Approximation
f(xoh+ h) f(xo) = F1(xy) 4 R1(x)
h) — R,
f,(xo) — f(xO + ]’)L f(xO) _ lgx)
Ri(x) .

is small, then

Assume

f(xo +h) = f(x0)
h

f'(xg) =
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ﬁﬁﬁ Forward Euler Scheme
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f(xo+h) — f(x0)

f'(xg) = N
Y g(ty)
dt_g Iy
Q%Y‘rwl_Yn
dt At

Yn+1 = Yn + Atgn
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el SN dwerr fredf

LT Backward Euler Scheme
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F1(xg) ~ f(xo+h) — f(x0)

h
dy
E — f(t'y)

ﬂ - Yn+1 — Yn
dt At

Yn+1 = Yn T Atfn41
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el SN dwerr fredf

T FEuler Schemes
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Explicit Euler Method
Vn+1 = Yn T ALf,
Implicit Euler Method

Yn+1 = Yn + Atfriq
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i 0 A Euler Schemes

TIRUPATI

’ —

y' =—ky,y(0) =y,

Explicit Euler Method Kkt
Yexact = Yo€

VYn+1 = Yn — Atky,

VYn+1 = (1 — Atk)y,
Implicit Euler Method

VYn+1 = Yn — Atkyn4q

(1 + Atk)yn41= Yn

_
Yn+1 =11 Atk)

Panchatcharam

18




el SN dwerr fredf

ET Centered Difference
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f’(xo) ~ f(xO + h) o f(xO)

h
dy
E — f(t'y)
ﬂ ~ Yn+1 — Yn
dt At

Yn+1 = Yn T Atfn_l_%
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el SN dwerr fredf

LT Taylor's Approximation to solve ODE
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Let us solve the following ODE

u' =3u+ 2

From Taylor’s approximation,

u(xo +h) —ulxy)

u' =3u+2
u(xg + h) —u(x
Got W) =uo) _ o v

h
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el SN dwerr fredf

LT Taylor's Approximation to solve ODE

TIRUPATI

u' =3u+2

u(xg + h) — u(xp)
h

= 3u(xy) + 2

u(xy + h) —u(xy) = 3hu(xy) + 2h

u(xg + h) = u(xy) + 3hu(xy) + 2h
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el SN dwerr fredf
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Taylor’s Approximation 2™ Order

" R2

Floxo + ) = FGro) + £ Grodh + L2024 Ry o
. 12

f(xo—h) =f(xo)—f'(xo)h+f (xZO) + R (x)

fxo+h)+ flxg—h) = 2f(xp) + f"(x9)*

fQxo+h) —2f(x) + f(xo — h)
¥

f"(xg) =



el SN dwerr fredf

LT Taylor's Approximation to solve ODE

TIRUPATI

Let us solve the following ODE

u'’ =3u+?2
From Taylor’s approximation,

u(xy + h) — 2u(xy) + u(xy — h)
2

u”(xo) =

u’' =3u+2

u(xy + h) — 2u(xy) + u(xy — h)
2

= 3u(xy) + 2
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el SN dwerr fredf

LT Taylor's Approximation to solve ODE

TIRUPATI

u(xy + h) — 2u(xy) + u(xy — h)

2 = 3u(xy) + 2
Assume u(xy) = u;, u(xyg — h) = u;_q,
u(xg + h) = ujyq
Then ,
Ujpq — 2U; T U
1+1 l -1 _ 3ui + 2

12
U;jpq — 2u; +u;_q = 3h%u; + 2h?

Uj_1 — (2 + 3h2)ui + Uiy1 = th
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el SN dwerr fredf

LT Taylor's Approximation to solve ODE

TIRUPATI

Uji—1 — (2 + 3h2)ui + Uir1 = th

=1
(2 + 3h2)u1 + uZ —_ th
=2
u1 + (2 + 3h2)u2 + U3 —_ th
i=
Uy + (2 + 3h*)usz + uy = 2h?
I=N

uN_l + (2 + 3h2)uN —_ th
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el SN dwerr fredf

LT Taylor's Approximation to solve ODE
TIRUPATI
(2 + 3h*)u, + u, = 2h? i
u2+(2+3h2)U3 +u4:2h2 A=lo 1 1 0 0
Un-1 + (2 + 3h2)uN — th o . a .
Au = b S N
a=2-+ 3h2 0 0 0 O .. 1 a-
0 .
u 2
u=|"7| b=}
UN 2h?)
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el SN dwerr fredf

i i i fi Taylor Series on two Variables
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Zy — 244 Zy — 244
Z=Zl+( )(x—x1)+(y )()’_3’1)

X2 — X1 2~ V1
z=f(xY)
fx,y)
= Fenys) + (f(x1 + Ax1»2’;z - f(x1:Y1)> (x — x,)
N (f(x1»3’1 + AX’Q — f(x1»3’1)) (v = v7)
V1
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el SN dwerr fredf

i i i fi Taylor Series on two Variables
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Zy — Zq Zy — Zq
ZzZl+< )(x—x1)+<y )(J")ﬁ)

X2 — X1 2 — W1

f,y) = f(xy,y1) + ( 6‘x’
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el SN dwerr fredf

i i i fi Taylor Series on two Variables
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flx,y)
0f (x1,¥1 of (x1,y1
= f(x,y1) + ( fry )> (x —xq) + ( flxy )> vy —y1)

dx dy
1[/0? , 0° ,
4 . [( fg;z 3’1)) (x — x;)% + ( fg;,lz Y1)) (x — x)(y — 1)

0° ,
+ ( fg;lz yl)) (y - yl)z]
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ﬁﬁﬁ Taylor Series
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» fis infinitely differentiable about a point x

00

Fx) = Zf(n) (x0) (x — x¢)"

n!

n
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IIT Taylor Series on two Variables
f(xl; xz, )
(X1 — xo)nl ( — xo) gmt +ndf
2 2 - Ng! (ax?l ...0x2d> (xg, - X6)

© 0 . nq . n, [ gritng

n{y Ny
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el SN dwerr fredf

LET 1D Heat Equation

TIRUPATI

oT 0%T 0<x<I,
Eza_axz 0<t<

T(0,t) =f(t),0<t<

T(Lt)=9(),0<t< o

Diffusion:

behavior of the collective
motion of micro-particles in a T(.X', O) — S(.X'), 0<x<I
material resulting from the

random movement of each

micro-particle. a-diffusion coefficient
T(x,0) = s(x)
T(0,t) = f(t) ( N T(,t) = g(t)
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Wﬁjﬁ 1D Heat Equation

TIRUPATI

G_T_aaz_T 0<x<l
ot  0x?2 0<t<oo

T0,t) =f(t),0<t< o

T(L,t)=g(),0<t<o T(x,0) = s(x)

T(0,t) = f(t) B
T(x,0) =s(x),0<x<1 ( /- T(Lt) =g()
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TET 1D Heat Equation

TIRUPATI

 Diffusion equation converges to a stationary solution T;(x) as t - o
* InthislimitT,=0andT,(x) =0
* This stationary limit of the diffusion equation is called Laplace equation
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ﬁﬁﬁ 1D Heat Equation

TIRUPATI

oT  9°T 0<x<l,
ot dx?

T(0,t) =0,0<t <
T(Lt)=00<t< o0
T(x,0) =s(x),0<x <1

T(x,0) = s(x)
T(0,t) = f(t) | D) ;) = ()
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el SN dwerr fredf

i 0 A Forward Euler Scheme
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t
oT 0°T f t6
—_— a_—l— 5
ot axz ty
L3
. . Ly
x; = iAx,i =0,1,2,...,N, ‘
Lo
o—0O0—0O0—0O0—0O0—0—0—0—0
tn =nAt,n — 0,1,2,...,Nt Xo X1 X2 X3 X3 X5 Xg X7 Xg
i-1,n+1 j,n+l i+1 ,n+1
_ Th @ @ O
T(xi' tn) — Ti
@
i N
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el SN dwerr fredf

i I i
TIRUPATI
2
a_T: aa T-I—f f”(xo)zf(xo-l_h)_Zf}E;CO)—l_f(xo_h)
dat 0x?

T(x;t,) =T

OT (x;,tn)  0°T(x;, ty)
ot ax?

+ f(xil tn)

Tin+1 _ TTL

l

iv1 — 2T + T2,

At Ax?
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Forward Euler Scheme

O '@ '@ ) ) ) '® '@ O
U/ \ \ U/ U/

NS NS

Xo X1 X2 X3 X3 X5 Xg X7 Xg

j-1,n+1 ,n+l j+1 ,n+1
@ O O
n
l
(-
L
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el SN dwerr fredf

T Forward Euler Scheme
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ls
aT 04T
ot axz ()
t3
__7Tn
T(Xi, tn) Tl t2
{1
n+1 n n n tOO () () ) ) ) ) ) O
Ti _Ti . l+1 ZT +T _l_fn Xo X1 Xz X3 X4 X5 Xe¢ X7 Xg
At sz y -1 ,n+1 j,n+1 j+1 ,n+1
O O O
n+1 n n n n
T; =T; +C(A—xz l+1—2T + T; 1)+f At
O
L
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el SN dwerr fredf

0 0l A G Forward Euler Scheme
TIRUPATI
aT 04T i-1,n+1 j,n+l  j+1 ,n+l s
— =g — + f @ @ O ts
at axz ()
ts
T(xl, tn) — Tln ® Zz
ji,n 1
Lo

O '@ '@ ) ) '@ ) ) O
NS NS

NS

T/ =T+ F(TV, — 2T+ TR ) + fTAt %0 % % x5 % %5 X6 % %

At F is the dimensionless number that lumps
F=a«a F the key physical parameter in the problem, «,
X and the discretization parameters Ax and At
into a single parameter. Depending on F, the
numerical method schemes are chosen.
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el SN dwerr fredf

LT Backward Euler Scheme
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x; = iAx,i = 0,1,2,..., Ny ts

t, = nAt,n = 0,1,2, o, Ny t,

Oo—O0O—CO0O—"C0CO—"C0O—"C0O—CO—0O——0O
Xog X1 X2 X3 X4 Xg Xg X7 Xg

T(xl, tn) —_ Tln

i,n+1

O O
-1 ,n i,n i+1,n
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el SN dwerr fredf

LT Backward Euler Scheme

TIRUPATI
2 s
or_ o, PR (R (CORT RS
ot 0x? Lq
ts
T(Xl, tn) — Tln )
t
t
2 ’ O0—O0—0—0—0—0—0—0<C
OT(xi, tn) _ aa T(xi; tn) ‘|‘f(x ¢ ) xOCJx1 Xz X3 X3 X5 Xe X7 xgd
ot 0x? v M
@
-1
T =T T, —2T"+T~, _,
At - ¢ Ax? i
O O O
i-1,n L i+1,n
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el SN dwerr fredf

LT Backward Euler Scheme

TIRUPATI
2
a_T: aa_T_l_ T(xl't'l’l) :Tin
ot 0x?2
Tln o Tln_l _ i7}|—1 ZTln + lel 4 f_n
At Ax? :

At
T =a (sz) (TS, = 2T + TL ) + Atf

T =T =F(T/, — 2T + T ) + Atf"
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O '@ '@ ) ) ) '® '@ O
U/ U/ \ \ U/ U/

NS

Xo X1 Xo X3 X4 X5 Xg X7 Xg

i,n+1

0
O O ]
j-1 ,n i,n j+1,n
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el SN dwerr fredf

LT Backward Euler Scheme

TIRUPATI
2 n e
a_T:aa_T_l_ T(xi’tn):Ti ts
ot dx? ty
n n—1 n n ts
T, — 1T, F( ivq — 2T, + T; 1)+Atfl ‘.
t
—FTL + (1 +2F)T — FT, = T3 + Atf]” o bbb b6 b0

Xo X1 Xo X3 X4 X5 Xg X7 Xg

—FT + (1 + 2F)TH — FT = T + Aeff?

i, n+1

—FT + (1 + 2F)TY — FT? = T} 1 + Atf)

—FT'+ (1 4+ 2F)T3 — FT] = T3 Y+ Atf 0 o s
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Backward Euler Scheme

TIRUPATI
oT  9%T .
= a—5 + T(x;,ty) = T;
ot 0x? /
—FT', + (1 + 2F)T/* — FT | = T"7* + Atf"
AT = b
(Ao o1 O 0
a9 QA11 Qg2 : Aji—1 = Aji+1 — —F
0 a1 a4z azs 5
: 0 a;z ‘1.33 a.34 0 Aj;i = 1+ 2F
0 a;-1 Qi Qi+ 5
, . . . 0
: AN, —1N,
| 0 0 ayne-1  Anyn,
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el SN dwerr fredf

i i i fi 1D Heat Equation
TIRUPATI

oT — aZT_|_ O<x<lI

ot “axz / 0<t< oo

T(0,t) =0,0<t <
T(,t)=0,0<t< o0
T(x,0) =s(x),0<x<1

T(x,0) = s(x)
T(0,t) = f(t) | D) ;) = ()
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el SN dwerr fredf

o 0 Backward Euler Scheme
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oT  9°T .
E=aﬁ+f T(xi;tn)—Ti

—FT + (L+ 2F)T! — FT{Y, = T + Atf?

AT" =D Ajj—1 — Ajj+1 — —F a; =1+ 2F
_aoo a01 O O } — — . — n—l
Aip Aa11 Q12 : bO bNx O’ bl Tl
0 Az1 QA2 A3
: T T " by ]
0 a a a 0 0 0
32 33 34 T by
A == E E 'o. '-. -.. 0-_ ’-. nan as E Tn — ’I'.an b — b:2
0 a;-1 a; Qi+ : n=
' ' ’ ’ 0 TN,—1 bN,-1
AN, —1N, | Ty, | | b,

0 e e w0 ayn.-1 Ann, |
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End of Lecture

i, n+1 ) )
! ® i-1,n+1 | ,n+l1 j+1 ,n+1
O O O
O O O ®
j-1 ,n L j+1,n
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