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Straight Line
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(𝑥2, 𝑦2)

(𝑥1, 𝑦1)
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Straight Line

4

(𝑥2, 𝑦2)

(𝑥1, 𝑦1)

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1
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Straight Line

5

(𝑥2, 𝑦2)

(𝑥1, 𝑦1)

𝑦 = 𝑦1 +
𝑦2 − 𝑦1

𝑥2 − 𝑥1
𝑥 − 𝑥1
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Straight Line
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(𝑥2, 𝑓(𝑥2))

(𝑥1, 𝑓(𝑥1))

𝑦 = 𝑦1 +
𝑦2 − 𝑦1

𝑥2 − 𝑥1
𝑥 − 𝑥1

𝑦 = 𝑓(𝑥)

𝑦1 = 𝑓(𝑥1)

𝑦2 = 𝑓(𝑥2)

𝑓(𝑥) = 𝑓(𝑥1) +
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1
𝑥 − 𝑥1
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Slope
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(𝑥2, 𝑦2)

(𝑥1, 𝑦1)

𝑦 = 𝑦1 +
𝑦2 − 𝑦1

𝑥2 − 𝑥1
𝑥 − 𝑥1

𝑥2 − 𝑥1

𝑦
2

−
𝑦

1 𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

𝑦 = 𝑦1 + 𝑚 𝑥 − 𝑥1
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Slope
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(𝑥1 + Δ𝑥1, 𝑦1 + Δ𝑦1)

(𝑥1, 𝑦1)

𝑦 = 𝑦1 +
𝑦2 − 𝑦1

𝑥2 − 𝑥1
𝑥 − 𝑥1

Δ𝑥1

Δ
𝑦

1

𝑚 =
Δ𝑦1

Δ𝑥1

𝑦 = 𝑦1 + 𝑚 𝑥 − 𝑥1
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Slope
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(𝑥2, 𝑓(𝑥2))

(𝑥1, 𝑓(𝑥1))

𝑦 = 𝑦1 +
𝑦2 − 𝑦1

𝑥2 − 𝑥1
𝑥 − 𝑥1

𝑦 = 𝑓(𝑥)

𝑦1 = 𝑓(𝑥1)

𝑦2 = 𝑓(𝑥2)

𝑓(𝑥) = 𝑓(𝑥1) +
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1
𝑥 − 𝑥1

𝑥2 − 𝑥1

𝑓
(𝑥

2 )
−

𝑓
(𝑥

1 )
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Slope
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𝑥1 + Δ𝑥1, 𝑓(𝑥1 + Δ𝑥1 )

(𝑥1, 𝑓(𝑥1))

𝑦 = 𝑦1 +
𝑦2 − 𝑦1

𝑥2 − 𝑥1
𝑥 − 𝑥1

𝑦 = 𝑓(𝑥)

𝑦1 = 𝑓(𝑥1)

𝑦2 = 𝑓(𝑥1 + Δ𝑥1)

𝑓(𝑥) = 𝑓(𝑥1) +
𝑓(𝑥1 + Δ𝑥1) − 𝑓(𝑥1)

Δ𝑥1
𝑥 − 𝑥1

Δ𝑥1

𝑓
(𝑥

1
+

Δ
𝑥

1 )
−

𝑓
(𝑥

1 )
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Slope
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𝑥1 + Δ𝑥1, 𝑓(𝑥1 + Δ𝑥1 )

(𝑥1, 𝑓(𝑥1))
𝑓 𝑥 = 𝑓 𝑥1 +

𝑑𝑦

𝑑𝑥
𝑥=𝑥1

𝑥 − 𝑥1
Δ𝑥1

𝑓
(𝑥

1
+

Δ
𝑥

1 )
−

𝑓
(𝑥

1 )

𝑦 = 𝑓(𝑥)

𝑓 𝑥 = 𝑓 𝑥1 + 𝑓′(𝑥1) 𝑥 − 𝑥1
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Taylor’s Theorem
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𝑓 𝑥0 + ℎ = ෍

𝑛

𝑁
𝑓 𝑛 𝑥0 ℎ𝑛

𝑛!
+ 𝑅𝑁(𝑥)
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Taylor’s Approximation
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𝑓 𝑥0 + ℎ = 𝑓 𝑥0 + 𝑓′ 𝑥0 ℎ + 𝑅1(𝑥)

𝑓 𝑥0 + ℎ − 𝑓 𝑥0 = 𝑓′ 𝑥0 ℎ + 𝑅1 𝑥

Dividing by h

𝑓 𝑥0 + ℎ

ℎ
−

𝑓 𝑥0

ℎ
= 𝑓′ 𝑥0 +

𝑅1 𝑥

ℎ

𝑥0 𝑥0 + ℎ

𝑓(𝑥0)

𝑓(𝑥0 + ℎ)
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Taylor’s Approximation
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𝑓 𝑥0 + ℎ

ℎ
−

𝑓 𝑥0

ℎ
= 𝑓′ 𝑥0 +

𝑅1 𝑥

ℎ

𝑓′ 𝑥0 =
𝑓 𝑥0 + ℎ − 𝑓 𝑥0

ℎ
−

𝑅1 𝑥

ℎ

Assume 
𝑅1 𝑥

ℎ
 is small, then

𝑓′ 𝑥0 ≈
𝑓 𝑥0 + ℎ − 𝑓 𝑥0

ℎ
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Forward Euler Scheme
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𝑓′ 𝑥0 ≈
𝑓 𝑥0 + ℎ − 𝑓 𝑥0

ℎ
𝑑𝑦

𝑑𝑡
= 𝑔 𝑡, 𝑦

𝑑𝑦

𝑑𝑡
≈

𝑦𝑛+1 − 𝑦𝑛

Δ𝑡

𝑦𝑛+1 = 𝑦𝑛 + Δ𝑡𝑔𝑛
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Backward Euler Scheme
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𝑓′ 𝑥0 ≈
𝑓 𝑥0 + ℎ − 𝑓 𝑥0

ℎ
𝑑𝑦

𝑑𝑡
= 𝑓 𝑡, 𝑦

𝑑𝑦

𝑑𝑡
≈

𝑦𝑛+1 − 𝑦𝑛

Δ𝑡

𝑦𝑛+1 = 𝑦𝑛 + Δ𝑡𝑓𝑛+1
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Euler Schemes
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Explicit Euler Method

𝑦𝑛+1 = 𝑦𝑛 + Δ𝑡𝑓𝑛

Implicit Euler Method

𝑦𝑛+1 = 𝑦𝑛 + Δ𝑡𝑓𝑛+1
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Euler Schemes
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𝑦′ = −𝑘𝑦, 𝑦 0 = 𝑦0

Explicit Euler Method

𝑦𝑛+1 = 𝑦𝑛 − Δ𝑡𝑘𝑦𝑛

𝑦𝑛+1 = (1 − Δ𝑡𝑘)𝑦𝑛

Implicit Euler Method

𝑦𝑛+1 = 𝑦𝑛 − Δ𝑡𝑘𝑦𝑛+1

(1 + Δ𝑡𝑘)𝑦𝑛+1= 𝑦𝑛

𝑦𝑛+1 =
𝑦𝑛

(1 + Δ𝑡𝑘)

𝑦𝑒𝑥𝑎𝑐𝑡 = 𝑦0𝑒−𝑘𝑡
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Centered Difference

19

𝑓′ 𝑥0 ≈
𝑓 𝑥0 + ℎ − 𝑓 𝑥0

ℎ
𝑑𝑦

𝑑𝑡
= 𝑓 𝑡, 𝑦

𝑑𝑦

𝑑𝑡
≈

𝑦𝑛+1 − 𝑦𝑛

Δ𝑡

𝑦𝑛+1 = 𝑦𝑛 + Δ𝑡𝑓
𝑛+

1
2
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Taylor’s Approximation to solve ODE
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Let us solve the following ODE

𝑢′ = 3𝑢 + 2

From Taylor’s approximation,

𝑢′ 𝑥0 ≈
𝑢 𝑥0 + ℎ − 𝑢 𝑥0

ℎ

𝑢′ = 3𝑢 + 2

𝑢 𝑥0 + ℎ − 𝑢 𝑥0

ℎ
= 3𝑢(𝑥0) + 2
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Taylor’s Approximation to solve ODE

21

𝑢′ = 3𝑢 + 2

𝑢 𝑥0 + ℎ − 𝑢 𝑥0

ℎ
= 3𝑢(𝑥0) + 2

𝑢 𝑥0 + ℎ − 𝑢 𝑥0 = 3ℎ𝑢(𝑥0) + 2ℎ

𝑢 𝑥0 + ℎ = 𝑢 𝑥0 + 3ℎ𝑢(𝑥0) + 2ℎ
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Taylor’s Approximation 2nd Order
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𝑓 𝑥0 + ℎ = 𝑓 𝑥0 + 𝑓′ 𝑥0 ℎ +
𝑓" 𝑥0 ℎ2

2
+ 𝑅2(𝑥)

𝑓 𝑥0 − ℎ = 𝑓 𝑥0 − 𝑓′ 𝑥0 ℎ +
𝑓" 𝑥0 ℎ2

2
+ 𝑅2

∗(𝑥)

𝑓 𝑥0 + ℎ + 𝑓 𝑥0 − ℎ ≈ 2𝑓 𝑥0 + 𝑓" 𝑥0 ℎ2

𝑓′′ 𝑥0 ≈
𝑓 𝑥0 + ℎ − 2𝑓 𝑥0 + 𝑓(𝑥0 − ℎ)

ℎ2

𝑥0 − ℎ 𝑥0

𝑓(𝑥0 − ℎ)

𝑓(𝑥0)

𝑥0 + ℎ

𝑓(𝑥0 + ℎ)
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Taylor’s Approximation to solve ODE

23

Let us solve the following ODE

𝑢′′ = 3𝑢 + 2

From Taylor’s approximation,

𝑢′′ 𝑥0 ≈
𝑢 𝑥0 + ℎ − 2𝑢 𝑥0 + 𝑢(𝑥0 − ℎ)

ℎ2

𝑢′′ = 3𝑢 + 2

𝑢 𝑥0 + ℎ − 2𝑢 𝑥0 + 𝑢(𝑥0 − ℎ)

ℎ2
= 3𝑢(𝑥0) + 2
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Taylor’s Approximation to solve ODE

24

𝑢 𝑥0 + ℎ − 2𝑢 𝑥0 + 𝑢(𝑥0 − ℎ)

ℎ2
= 3𝑢 𝑥0 + 2

Assume 𝑢 𝑥0 = 𝑢𝑖 , 𝑢 𝑥0 − ℎ = 𝑢𝑖−1,

𝑢 𝑥0 + ℎ = 𝑢𝑖+1

Then 
𝑢𝑖+1 − 2𝑢𝑖 + 𝑢𝑖−1

ℎ2
= 3𝑢𝑖 + 2

𝑢𝑖+1 − 2𝑢𝑖 + 𝑢𝑖−1 = 3ℎ2𝑢𝑖 + 2ℎ2

𝑢𝑖−1 − (2 + 3ℎ2)𝑢𝑖 + 𝑢𝑖+1 = 2ℎ2
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Taylor’s Approximation to solve ODE

25

𝑢𝑖−1 − (2 + 3ℎ2)𝑢𝑖 + 𝑢𝑖+1 = 2ℎ2

i=1
(2 + 3ℎ2)𝑢1 + 𝑢2 = 2ℎ2

i=2
𝑢1 + (2 + 3ℎ2)𝑢2 + 𝑢3 = 2ℎ2

i=3
𝑢2 + (2 + 3ℎ2)𝑢3 + 𝑢4 = 2ℎ2

i=N
𝑢𝑁−1 + (2 + 3ℎ2)𝑢𝑁 = 2ℎ2
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Taylor’s Approximation to solve ODE
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(2 + 3ℎ2)𝑢1 + 𝑢2 = 2ℎ2

𝑢1 + (2 + 3ℎ2)𝑢2 + 𝑢3 = 2ℎ2

𝑢2 + (2 + 3ℎ2)𝑢3 + 𝑢4 = 2ℎ2

𝑢𝑁−1 + 2 + 3ℎ2 𝑢𝑁 = 2ℎ2

𝐴𝑢 = 𝑏
𝑎 = 2 + 3ℎ2

𝐴 =

𝑎 1 0 0 ⋯ 0 0
1 𝑎 1 0 … 0 0
0 1 𝑎 1 … 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 0 … 1 𝑎

𝒖 =

𝑢1

𝑢2

⋮
𝑢𝑁

, 𝒃 =

2ℎ2

2ℎ2

⋮
2ℎ2
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Taylor Series on two Variables

27

𝑧 = 𝑧1 +
𝑧2 − 𝑧1

𝑥2 − 𝑥1
𝑥 − 𝑥1 +

𝑧2 − 𝑧1

𝑦2 − 𝑦1
𝑦 − 𝑦1

𝑧 = 𝑓(𝑥, 𝑦)

𝑓 𝑥, 𝑦

= 𝑓 𝑥1, 𝑦1 +
𝑓(𝑥1 + Δ𝑥1, 𝑦1) − 𝑓(𝑥1, 𝑦1)

Δ𝑥1
𝑥 − 𝑥1

+
𝑓(𝑥1, 𝑦1 + Δ𝑦1) − 𝑓(𝑥1, 𝑦1)

Δ𝑦1
𝑦 − 𝑦1
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Taylor Series on two Variables

28

𝑧 = 𝑧1 +
𝑧2 − 𝑧1

𝑥2 − 𝑥1
𝑥 − 𝑥1 +

𝑧2 − 𝑧1

𝑦2 − 𝑦1
𝑦 − 𝑦1

𝑧 = 𝑓(𝑥, 𝑦)

𝑓 𝑥, 𝑦 = 𝑓 𝑥1, 𝑦1 +
𝜕𝑓 𝑥1, 𝑦1

𝜕𝑥
𝑥 − 𝑥1 +

𝜕𝑓 𝑥1, 𝑦1

𝜕𝑦
𝑦 − 𝑦1
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Taylor Series on two Variables
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𝑓 𝑥, 𝑦

= 𝑓 𝑥1, 𝑦1 +
𝜕𝑓 𝑥1, 𝑦1

𝜕𝑥
𝑥 − 𝑥1 +

𝜕𝑓 𝑥1, 𝑦1

𝜕𝑦
𝑦 − 𝑦1

+
1

2!
ቈ

቉

𝜕2𝑓 𝑥1, 𝑦1

𝜕𝑥2
𝑥 − 𝑥1

2 +
𝜕2𝑓 𝑥1, 𝑦1

𝜕𝑦2
(𝑥 − 𝑥1)(𝑦 − 𝑦1)

+
𝜕2𝑓 𝑥1, 𝑦1

𝜕𝑦2
𝑦 − 𝑦1

2
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Taylor Series

30

• f is infinitely differentiable about a point 𝑥0

𝑓 𝑥 = ෍

𝑛

∞
𝑓 𝑛 𝑥0 𝑥 − 𝑥0

𝑛

𝑛!
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Taylor Series on two Variables
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𝑓 𝑥1, 𝑥2, … , 𝑥𝑑

= ෍

𝑛1

∞

… ෍

𝑛𝑑

∞
𝑥1 − 𝑥0

1 𝑛1 … 𝑥𝑑 − 𝑥0
𝑑 𝑛𝑑

𝑛1! … 𝑛𝑑!

𝜕𝑛1+⋯+𝑛𝑑𝑓

𝜕𝑥1
𝑛1 … 𝜕𝑥𝑑

𝑛𝑑
(𝑥0

1, … , 𝑥0
𝑑)

𝑓 𝑥, 𝑦 = ෍

𝑛1

∞

෍

𝑛2

∞
𝑥 − 𝑥0

𝑛1 𝑦 − 𝑦0
𝑛2

𝑛1!  𝑛2!

𝜕𝑛1+𝑛2𝑓

𝜕𝑥𝑛1𝜕𝑦𝑛2
(𝑥0, 𝑦0)
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1D Heat Equation
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𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2

𝑇 𝑙, 𝑡 = 𝑔(𝑡)𝑇 0, 𝑡 = 𝑓(𝑡)

0 < 𝑥 < 𝑙, 
0 < 𝑡 < ∞

𝑇 0, 𝑡 = 𝑓 𝑡 , 0 < 𝑡 < ∞

𝑇 𝑙, 𝑡 = 𝑔(𝑡), 0 < 𝑡 < ∞

𝑇 𝑥, 0 = 𝑠 𝑥 , 0 ≤ 𝑥 ≤ 𝑙

𝑇 𝑥, 0 = 𝑠(𝑥)

𝛼-diffusion coefficient

Diffusion: 
behavior of the collective 
motion of micro-particles in a 
material resulting from the 
random movement of each 
micro-particle.
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1D Heat Equation
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𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2

𝑇 𝑙, 𝑡 = 𝑔(𝑡)
𝑇 0, 𝑡 = 𝑓(𝑡)

0 < 𝑥 < 𝑙, 
0 < 𝑡 < ∞

𝑇 0, 𝑡 = 𝑓 𝑡 , 0 < 𝑡 < ∞

𝑇 𝑙, 𝑡 = 𝑔(𝑡), 0 < 𝑡 < ∞

𝑇 𝑥, 0 = 𝑠 𝑥 , 0 < 𝑥 < 𝑙

𝑇 𝑥, 0 = 𝑠(𝑥)
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1D Heat Equation

34

• Diffusion equation converges to a stationary solution 𝑻𝒔(𝒙) as 𝒕 → ∞
• In this limit 𝑻𝒕 = 𝟎 and 𝑻𝒔

′′ 𝒙 = 𝟎
• This stationary limit of the diffusion equation is called Laplace equation
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1D Heat Equation

35

𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2
+ 𝑓

𝑇 𝑙, 𝑡 = 𝑔(𝑡)𝑇 0, 𝑡 = 𝑓(𝑡)

0 < 𝑥 < 𝑙, 
0 < 𝑡 < ∞

𝑇 0, 𝑡 = 0, 0 < 𝑡 < ∞

𝑇 𝑙, 𝑡 = 0, 0 < 𝑡 < ∞

𝑇 𝑥, 0 = 𝑠 𝑥 , 0 ≤ 𝑥 ≤ 𝑙

𝑇 𝑥, 0 = 𝑠(𝑥)
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Forward Euler Scheme
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𝑥𝑖 = 𝑖Δ𝑥, 𝑖 = 0,1,2, … , 𝑁𝑥

𝑡𝑛 = 𝑛Δ𝑡, 𝑛 = 0,1,2, … , 𝑁𝑡

𝑡6

𝑡5

𝑡4

𝑡3

𝑡2

𝑡1

𝑡0

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8

𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2
+ 𝑓

𝑇 𝑥𝑖 , 𝑡𝑛 = 𝑇𝑖
𝑛
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Forward Euler Scheme

37

𝑡6

𝑡5

𝑡4

𝑡3

𝑡2

𝑡1

𝑡0

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8

𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2
+ 𝑓

𝑇 𝑥𝑖 , 𝑡𝑛 = 𝑇𝑖
𝑛

𝑇𝑖
𝑛+1 − 𝑇𝑖

𝑛

Δ𝑡
= 𝛼

𝑇𝑖+1
𝑛 − 2𝑇𝑖

𝑛 + 𝑇𝑖−1
𝑛

Δ𝑥2
+ 𝑓𝑖

𝑛

𝜕𝑇(𝑥𝑖 , 𝑡𝑛)

𝜕𝑡
= 𝛼

𝜕2𝑇 𝑥𝑖 , 𝑡𝑛

𝜕𝑥2
+ 𝑓 𝑥𝑖 , 𝑡𝑛

𝑓′′ 𝑥0 ≈
𝑓 𝑥0 + ℎ − 2𝑓 𝑥0 + 𝑓(𝑥0 − ℎ)

ℎ2
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𝑡6

𝑡5

𝑡4

𝑡3

𝑡2

𝑡1

𝑡0

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8

𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2
+ 𝑓

𝑇 𝑥𝑖 , 𝑡𝑛 = 𝑇𝑖
𝑛

𝑇𝑖
𝑛+1 − 𝑇𝑖

𝑛

Δ𝑡
= 𝛼

𝑇𝑖+1
𝑛 − 2𝑇𝑖

𝑛 + 𝑇𝑖−1
𝑛

Δ𝑥2
+ 𝑓𝑖

𝑛

𝑇𝑖
𝑛+1 = 𝑇𝑖

𝑛 + 𝛼
Δ𝑡

Δ𝑥2
𝑇𝑖+1

𝑛 − 2𝑇𝑖
𝑛 + 𝑇𝑖−1

𝑛 + 𝑓𝑖
𝑛Δ𝑡
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𝑡6

𝑡5

𝑡4

𝑡3

𝑡2

𝑡1

𝑡0

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8

𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2
+ 𝑓

𝑇 𝑥𝑖 , 𝑡𝑛 = 𝑇𝑖
𝑛

𝑇𝑖
𝑛+1 = 𝑇𝑖

𝑛 + 𝐹 𝑇𝑖+1
𝑛 − 2𝑇𝑖

𝑛 + 𝑇𝑖−1
𝑛 + 𝑓𝑖

𝑛Δ𝑡

𝐹 = 𝛼
Δ𝑡

Δ𝑥2

𝐹 is the dimensionless number that lumps 
the key physical parameter in the problem, 𝛼, 
and the discretization parameters Δ𝑥 and Δ𝑡 
into a single parameter. Depending on 𝐹, the 
numerical method schemes are chosen.
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𝑥𝑖 = 𝑖Δ𝑥, 𝑖 = 0,1,2, … , 𝑁𝑥

𝑡𝑛 = 𝑛Δ𝑡, 𝑛 = 0,1,2, … , 𝑁𝑡

𝑡6

𝑡5

𝑡4

𝑡3

𝑡2

𝑡1

𝑡0

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8

𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2
+ 𝑓

𝑇 𝑥𝑖 , 𝑡𝑛 = 𝑇𝑖
𝑛
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𝑡6

𝑡5

𝑡4

𝑡3

𝑡2

𝑡1

𝑡0

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8

𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2
+ 𝑓

𝑇 𝑥𝑖 , 𝑡𝑛 = 𝑇𝑖
𝑛

𝑇𝑖
𝑛 − 𝑇𝑖

𝑛−1

Δ𝑡
= 𝛼

𝑇𝑖+1
𝑛 − 2𝑇𝑖

𝑛 + 𝑇𝑖−1
𝑛

Δ𝑥2
+ 𝑓𝑖

𝑛

𝜕𝑇(𝑥𝑖 , 𝑡𝑛)

𝜕𝑡
= 𝛼

𝜕2𝑇 𝑥𝑖 , 𝑡𝑛

𝜕𝑥2
+ 𝑓 𝑥𝑖 , 𝑡𝑛

𝑓′′ 𝑥0 ≈
𝑓 𝑥0 + ℎ − 2𝑓 𝑥0 + 𝑓(𝑥0 − ℎ)

ℎ2
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𝑡6

𝑡5

𝑡4

𝑡3

𝑡2

𝑡1

𝑡0

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8

𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2
+ 𝑓

𝑇 𝑥𝑖 , 𝑡𝑛 = 𝑇𝑖
𝑛

𝑇𝑖
𝑛 − 𝑇𝑖

𝑛−1

Δ𝑡
= 𝛼

𝑇𝑖+1
𝑛 − 2𝑇𝑖

𝑛 + 𝑇𝑖−1
𝑛

Δ𝑥2
+ 𝑓𝑖

𝑛

𝑇𝑖
𝑛 − 𝑇𝑖

𝑛−1 = 𝐹(𝑇𝑖+1
𝑛 − 2𝑇𝑖

𝑛 + 𝑇𝑖−1
𝑛 ) + Δ𝑡𝑓𝑖

𝑛

𝑇𝑖
𝑛 − 𝑇𝑖

𝑛−1 = 𝛼
Δ𝑡

Δ𝑥2
(𝑇𝑖+1

𝑛 − 2𝑇𝑖
𝑛 + 𝑇𝑖−1

𝑛 ) + Δ𝑡𝑓𝑖
𝑛



Panchatcharam

Backward Euler Scheme

43

𝑡6

𝑡5

𝑡4

𝑡3

𝑡2

𝑡1

𝑡0

𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8

𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2
+ 𝑓

𝑇 𝑥𝑖 , 𝑡𝑛 = 𝑇𝑖
𝑛

−𝐹𝑇0
𝑛 + 1 + 2𝐹 𝑇1

𝑛 − 𝐹𝑇2
𝑛 = 𝑇1

𝑛−1 + Δ𝑡𝑓1
𝑛

−𝐹𝑇1
𝑛 + 1 + 2𝐹 𝑇2

𝑛 − 𝐹𝑇3
𝑛 = 𝑇2

𝑛−1 + Δ𝑡𝑓2
𝑛

𝑇𝑖
𝑛 − 𝑇𝑖

𝑛−1 = 𝐹(𝑇𝑖+1
𝑛 − 2𝑇𝑖

𝑛 + 𝑇𝑖−1
𝑛 ) + Δ𝑡𝑓𝑖

𝑛

−𝐹𝑇𝑖−1
𝑛 + 1 + 2𝐹 𝑇𝑖

𝑛 − 𝐹𝑇𝑖+1
𝑛 = 𝑇𝑖−1

𝑛−1 + Δ𝑡𝑓𝑖
𝑛

−𝐹𝑇2
𝑛 + 1 + 2𝐹 𝑇3

𝑛 − 𝐹𝑇4
𝑛 = 𝑇3

𝑛−1 + Δ𝑡𝑓3
𝑛
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𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2
+ 𝑓 𝑇 𝑥𝑖 , 𝑡𝑛 = 𝑇𝑖

𝑛

−𝐹𝑇𝑖−1
𝑛 + 1 + 2𝐹 𝑇𝑖

𝑛 − 𝐹𝑇𝑖+1
𝑛 = 𝑇𝑖−1

𝑛−1 + Δ𝑡𝑓𝑖
𝑛

𝐴𝑇 = 𝑏

𝐴 =

𝑎00 𝑎01 0 … … … … … … 0
𝑎10 𝑎11 𝑎12 ⋱ … … … … … ⋮
0 𝑎21 𝑎22 𝑎23 ⋱ … … … … ⋮
⋮ 0 𝑎32 𝑎33 𝑎34 0 … … … ⋮
⋮ ⋮ ⋮ ⋱ ⋱ ⋱ … … … ⋮
⋮ ⋮ ⋱ ⋱ ⋱ ⋱ ⋱ … … ⋮
⋮ ⋮ … 0 𝑎𝑖𝑖−1 𝑎𝑖𝑖 𝑎𝑖𝑖+1 ⋱ ⋱ ⋮
⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋱ ⋱ ⋱ 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋱ ⋱ ⋱ 𝑎𝑁𝑥−1𝑁𝑥

0 ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ 0 𝑎𝑁𝑥𝑁𝑥−1 𝑎𝑁𝑥𝑁𝑥

𝑎𝑖𝑖 = 1 + 2𝐹

𝑎𝑖𝑖−1 = 𝑎𝑖𝑖+1 = −𝐹
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𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2
+ 𝑓

𝑇 𝑙, 𝑡 = 𝑔(𝑡)𝑇 0, 𝑡 = 𝑓(𝑡)

0 < 𝑥 < 𝑙, 
0 < 𝑡 < ∞

𝑇 0, 𝑡 = 0, 0 < 𝑡 < ∞

𝑇 𝑙, 𝑡 = 0, 0 < 𝑡 < ∞

𝑇 𝑥, 0 = 𝑠 𝑥 , 0 ≤ 𝑥 ≤ 𝑙

𝑇 𝑥, 0 = 𝑠(𝑥)
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𝜕𝑇

𝜕𝑡
= 𝛼

𝜕2𝑇

𝜕𝑥2
+ 𝑓 𝑇 𝑥𝑖 , 𝑡𝑛 = 𝑇𝑖

𝑛

−𝐹𝑇𝑖−1
𝑛 + 1 + 2𝐹 𝑇𝑖

𝑛 − 𝐹𝑇𝑖+1
𝑛 = 𝑇𝑖−1

𝑛−1 + Δ𝑡𝑓𝑖
𝑛

𝐴𝑇𝑛 = 𝑏

𝐴 =

𝑎00 𝑎01 0 … … … … … … 0
𝑎10 𝑎11 𝑎12 ⋱ … … … … … ⋮
0 𝑎21 𝑎22 𝑎23 ⋱ … … … … ⋮
⋮ 0 𝑎32 𝑎33 𝑎34 0 … … … ⋮
⋮ ⋮ ⋮ ⋱ ⋱ ⋱ … … … ⋮
⋮ ⋮ ⋱ ⋱ ⋱ ⋱ ⋱ … … ⋮
⋮ ⋮ … 0 𝑎𝑖𝑖−1 𝑎𝑖𝑖 𝑎𝑖𝑖+1 ⋱ ⋱ ⋮
⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋱ ⋱ ⋱ 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋱ ⋱ ⋱ 𝑎𝑁𝑥−1𝑁𝑥

0 ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ 0 𝑎𝑁𝑥𝑁𝑥−1 𝑎𝑁𝑥𝑁𝑥

𝑎𝑖𝑖 = 1 + 2𝐹𝑎𝑖𝑖−1 = 𝑎𝑖𝑖+1 = −𝐹

𝑏 =

𝑏0

𝑏1

𝑏2

⋮
𝑏𝑁𝑥−1

𝑏𝑁𝑥

𝑇𝑛 =

𝑇0
𝑛

𝑇1
𝑛

𝑇2
𝑛

⋮
𝑇𝑁𝑥−1

𝑛

𝑇𝑁𝑥

𝑛

𝑏0 = 𝑏𝑁𝑥
= 0, 𝑏𝑖 = 𝑇𝑖

𝑛−1
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